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Chapter 1

Introduction

Systems and control theory is an area of research which combines engineering
with mathematics. Using mathematical concepts, many engineering problems can
be formulated into a mathematical framework and then be solved. One of the
significant accomplishments in the field of system and control theory has been the
development of the theory of H., control. H., is one member of the family of
spaces introduced by the mathematician Hardy. It is the space of functions on
the complex plane that are analytic and bounded in the open right half-plane,
Ci :={s e C|Re(s) >0}

H, optimization of control systems deals with the minimization of the peak
value of certain closed-loop frequency response functions. To clarify this, consider
as an example the basic feedback system of Figure 1.1. The plant has the trans-

v+ uj Y2

Y1 | u2 V1

Figure 1.1: Basic feedback system.

fer function P and the compensator has the transfer function C'. The signal vq
represents a disturbance acting on the output of the plant, and the signal vs the
disturbance acting on the input of the plant. We say that C stabilizes the plant P
if the signals u; and ug are square integrable (have finite energy) whenever v; and
vg are square integrable. The output sensitivity matrix S is defined as being the
transfer function from v; to us and is given by

S=I+PprCc)
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The effects of the disturbance v; on the plant output can be made ”small” by
making the output sensitivity function ”small” (ideally, S = 0). The problem
(originally considered by Zames [80, 81]) is that of finding a compensator C' that
makes the closed-loop system stable and minimizes the peak value of the output
sensitivity function. This peak value is defined as

1S]loe := sup [S(s)],
s€Co

where Cy denotes the imaginary axis. The justification of this problem is that
if the peak value ||S||o of the sensitivity function is small, then the magnitude
of S is necessarily small for all frequencies, so that disturbances are uniformly
attenuated over all frequencies. Minimization of ||S||« is an example of worst-case
optimization, because it amounts to minimizing the effect on the output on the
worst disturbance (namely, a harmonic disturbance at the frequency where |S| has
its peak value).

The worst-case model has another important mathematical interpretation. Sup-
pose that the disturbance v; has unknown frequency content, but finite energy

o0
o3 := / fon (8) Pt < o,
0

where || -||2 is the norm in Lo, the space of square integrable functions. By stability
we know that us has finite energy. Furthermore, using Paley-Wiener results, the
induced operator norm ||.S||, defined as

U2||2
1S] == sup [[uz]] 7
v1E€L3 Hv1||2

is nothing other than ||S|le, and S € Ho (Note that, for S € Hy, ||S||n., =
ISlz.. = IIS]lco, Where Lo is the class of bounded, measurable functions on the
imaginary axis). Hence, the peak value is precisely the norm of the system induced
by Lo norms on the input and output signals. This norm is known as the infinity
norm of the system.

In this control problem, H., optimization is concerned with

- stabilization of the feedback system, i.e. making all four transfer functions S,
CS, SP, and I + CSP stable (in H),

- achieving certain performance specifications by minimizing the H., norm of
certain transfer function(s).

As we have seen in the above example, minimizing system norms is a natural way to
describe performance specifications. It is useful to be aware of this when studying
theoretical papers on H., optimization.

Formulated and solved initially for finite-dimensional systems (see for example
Doyle [24], Green et al. [33], Francis [27], Meinsma [49]), the Ho, control problems
were extended to infinite-dimensional systems (see for example Curtain and Green
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[15], Barbu [8], van Keulen [71], Foias et al. [25]), Staffans [70]. Engineers and
mathematicians used different techniques for solving the H., control problems for
infinite-dimensional systems. The mathematical approach can be categorized as

- semigroup approaches,

- partial differential approaches,

- frequency-domain approaches,

- synthesis of state-space and frequency-domain approaches.

In H, control for finite-dimensional systems, the state-space methods are pop-
ular because one can solve the problem using Algebraic Riccati Equations (ARE).
Although it is possible to extend these results to infinite-dimensional systems, one
has to be very careful since semigroup theory and operator valued Riccati equa-
tion (ORE) are more complicated. Moreover, the difficulties increase for classes
of well-posed systems which do not have a state-space representation in terms of
bounded linear operators (see Pritchard and Salamon [57], M. Weiss [77, 78], G.
Weiss [75, 76], Staffans [69], Curtain et al. [17], Mikkola [52] e.a.).

Frequency-domain techniques are frequently used to solving H., control prob-
lems for infinite-dimensional systems. Over the years there were voices claiming
the advantages of the frequency-domain methods. One of the first papers in this
direction was published by Horowitz and Shaked [35]. They claim that “extremely
important factors of sensor noise and loop bandwidths are obscured by the state-
space formulation” and “the important practical considerations are constraints that
have been clearly revealed and considered” in the frequency-domain formulation.

In this thesis a frequency-domain approach to H, control problems for infinite-
dimensional systems is taken. More precisely, we consider a J-spectral factoriza-
tion approach to solving H., control problems for multiple-input multiple-output
(MIMO) infinite-dimensional systems with their transfer functions in the Wiener
class (the corresponding impulse responses are absolutely integrable). Before we
clarify what is the Wiener class of transfer functions, we present the notion of
J-spectral factorization and how it appears in H, control.

1.1 J-spectral factorization

Given a matrix-valued function Z defined on the imaginary axis, the J-spectral
factorization problem is to find a stable invertible matrix-valued function V' with
a stable inverse (we call such matrix-valued functions bistable) such that

z6)=vie ]y O v

for almost all s on the imaginary axis, by V* we denote the transposed conjugate
of V. The matrix-valued function V' is called a J-spectral factor for Z.
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To illustrate how the J-spectral factorization appears in H,, control we consider
as an example the mized sensitivity problem. Consider the closed-loop of Figure
1.2. Let the functions W7, W5 and V be given. The sub-optimal mixed sensitivity

w
1%
d
vy + Uy Y2 1t 21
P ) W1
n | U + U1

)

22

Figure 1.2: Mixed sensitivity problem diagram.

problem is to find a compensator C' such that it stabilizes the given plant P and
minimizes the infinity norm of the transfer matrix

WSV
{m@csv}- (1.2)
The compensator C' and the plant P are assumed to be in Fy, := Ho/Hy (the

quotient field of H,). We say that C' stabilizes P if the transfer matrices from the
input signals to the output signals are stable (in Hy).

This is a version (Kwakernaak [47, 48]) of what is known as the mixed sensitivity
problem (Verma and Jonckheere [72]). The name comes from the fact that the
optimization involves both the sensitivity, .S, and the input sensitivity function
(or, in other versions, the complementary sensitivity function), C'S. By choosing
the functions W7, W5 and V suitably, S and C'S may be made small in appropriate
frequency regions. In particular, with W1V large at low frequencies and W5V large
at high frequencies, the solution of the mixed sensitivity problem has the property
that the first term of the criterion dominates at low frequencies and the second at
high frequencies. Hence, minimizing the criterion, S will be small at low frequencies
and C'S small at high frequencies.

In order to reformulate the mixed sensitivity problem into a simpler problem,
we need the notion of coprime factorization. Vidyasagar [73] recognized that in
many situations it is possible to model an unstable plant as a "ratio” of two stable
transfer functions that are coprime (a Bezout identity is satisfied). A result of
Smith [68] says that if C' stabilizes P, then both, the plant and the compensator,
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admit coprime factorizations P = P, lp, and C = CnC’Jl, with P;Cy+ P,C,, = 1.
Using this result we see that
S = (1+pP0O)!
= [PyY(PuCa+ PoCn)CT Y]
== Cdpd;

-1

and
CS = C,C;'CyPy = C, Py.

Hence, the mixed sensitivity problem becomes

in WiCy P,V
Cn,Cy€H WQCnPdV
PyC4+PpCp=1 o0

Here one can see the power of the coprime factorization. The non-linear problem
(1.2) has been formulated into a problem which is linear in its unknowns.
Suppose, for simplicity, that P is a stable plant and so we may take Py = 1.
Furthermore, assume that V' = 1. Recall that we have to minimize the infinity
norm of the transfer matrix
Wis | [ WiCy
| wacs | = | wact |

over all stable pairs (C,,, Cy) such that Cyq + P,C,, = 1. Let v be an upper bound
{ WiCa ] <7.

for the infinity norm, i.e.,
‘ WLy,

This holds if and only if there exists an €1 > 0 such that
Wi(s)Ca(s) |
Wa(s)Chn(s) ]
for all s on Cy U {oo} (the compactified imaginary axis). Or equivalently,

o T [ |-t <o

o0

‘<’y€1

for all s on Cy U {oo}. The above inequality can be written as

*

W1 (S)Cd(s) Wl(s)C’d(s)
Wa(s)Cr(s) | Jy | Wa(s)Chn(s) | <0,
1 1

where J, is
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Defining M as

0 W
M = W2 0 y
Pn Pd

and using the relations on C,, and Cy, we obtain

W1Cy c
-y
1 d

So we have now derived the problem: Find stable C,, and Cj such that
Cqg+ P,C,=1

and .
Cn * Cn
[C’d}MJVM[Cd]<O'

Suppose now that W is a J-spectral factor for M*J,M. Then we have the
equivalence

Co 171 e C, Cn 1" 1o C,
[@]AILM[@}<O¢>[QJIVAw[@]<a

This last inequality has a solution. Namely, C,, and Cy given by
Cn | =110
=l

o | G ] =<0

satisty

Cq Cq

From the above calculations we see that this approach reduces the mixed-sensitivity
problem to a J-spectral factorization problem. The power of J-spectral factoriza-
tion consists in the fact that it leads to a solution of the mixed sensitivity problem.

1.2 The standard H,, control problem

The standard H., control problem was introduced in 1984 by J.C. Doyle [24].
In a few words, the H,, sub-optimal control problem is to find a controller which
stabilizes a given plant and which makes the infinity norm of the associated transfer
function less than a given positive real number. It is called standard because it
includes many H., control problems as special cases.

The standard H., control problem is shown in Figure 1.3, where w, u, z and y
may be vector valued signals. Tipically we call

e w is the exogenous input
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e v is the control signal
e 2 is the output to be controlled

e 7 is the measured output

Figure 1.3: The standard H.-control problem.

The transfer matrices G and K are assumed to be in Fuo := Ho/Ho. Let G be
a stabilizable plant, and partition G compatibly with the sizes of the inputs and
outputs
Gi1 Gio
G = . 1.3
[ Ga1 G (1:3)

To define what we mean by “K internally stabilizes G” (often internally will be
omitted), we introduce two additional inputs, v; and ve, as in Figure 1.4.

w z

Us U G

Uy

Figure 1.4: Stability diagram.

The algebraic equations corresponding to Figure 1.4 can be represented in the
following block format

I 0 —G12 z G11 0 O w
0 I -G y | =] Ga I O vy
0 —K 1 U 0 o0 I Vg

For well posedness of the closed-loop system, we need to guarantee that the matrix-
valued function on the left-hand side is invertible. A sufficient condition for this to
hold is that det(I — Ga2(s)K (s)) # 0 for almost all s in the right half-plane. We
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say that K internally stabilizes G if the nine transfer matrix-valued function from
w, v1, v2 t0 z, Y, u are stable (in Hy).
Next we define the sub-optimal H,, control problem.

Definition 1.1 (The standard H., sub-optimal control problem) Given a
stabilizable plant G € Fy and a positive bound y, the standard Hy, sub-optimal
control problem is to find a compensator K € F, such that K internally stabilizes
G, and the transfer function T, from w to z, satisfies

1Towll g, <

If it is possible, describe the general form of all stabilizing controllers which satisfies
the above inequality.

The sub-optimal mixed sensitivity problem can be seen as a standard H, sub-
optimal control problem. This is defining

w, Wy P
G = 0 —WQ
1 P

and K := C (for the inputs d and y;, and the outputs z;, 22 and y)
We present the model matching problem as another example of the standard H,
control problem. In Figure 1.5, the transfer matrix 77 represents a stable model

T

T3 Q T

Figure 1.5: Model matching problem diagram.

which is to be mached by the cascade ToQT5 of three stable transfer matrix-valued
functions. Here T;(i := 1..3) are given and the ”controller” @ is to be designed.
The model matching criterion is to minimize

1T — ToQT3]

over all stable Q’s. The model matching problem can be recast as a standard Ho
sub-optimal control problem by defining

o T T
G = [T3 0]
K = _Qa
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so that Figure 1.5 becomes equivalent to Figure 1.3.
We will reformulate the model matching problem into another equivalent prob-
lem. Consider the model matching problem as defined before, and take, for sim-

plicity,
(s—1)(s—3)

T :=
? (s +2)2

and T3 := 1.

We can write Ty = T;T,, where

(s —=1)(s—13) . o
Ti= (s +1)(s+3) dTo:=

(s+1)(s+3)
(s +2)2
Denote G and K by
G:=T'Ty and K :=T,'Q.

Note that, since T, and T}, ! are stable, K is stable if and only if @ is stable. Since
|T;(s)] =1 for all s € Cy, it follows that the model matching criterion is the same
as the minimization of

G+ Klloo

over all stable K’s. Note that G has unstable poles, but is bounded on the imagi-
nary axis. This leads us to the Nehari (extension) problem: Given G € L, find

dist(G, Hoo) := inf ||G + K||se.
Lo KeH,,

This is called the Nehari problem. Moreover to find (all) Ky € Ho such that

cleist(G,Hoo) = |G+ Ko||so-

is referred to as the Nehari extension problem.

Before we can formulate the solution to the Nehari problem, we need to intro-
duce the Hankel operator. Let G € L, be a given function. The Hankel operator
with symbol G is denoted by H¢g and is defined as

Hg: Hy — Hy

Hgu =1I1_Gu for u € Ho,

where I1_ is the projection operator from Lo onto HQJ‘ H, is the space of functions
u(s) analytic in the open right half-plane with the norm

o0
Jul s=sup [ Ju(¢ + ) P
¢(>0J -0
H, is a closed subspace of Lo(Cp) (the space of square integrable signals), and Hs-
is the orthogonal complement of Hy with respect to the usual inner product in Lo.

The Nehari theorem (see Nehari [54] for the original formulation, and Adamjan
et al. [1]) provides a solution to the Nehari problem: for any G € Lo,

ist(G Ha) = inf |G+ Koo = | Hall
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where ||Hg|| denotes the norm of the Hankel operator. Most of the research on the
solutions of the Nehari extension problem is directed to a sub-optimal version of
the problem. The sub-optimal Nehari extension problem is: Given GG € L., and
o > ||Hg||, find all K € Hy, such that

1G4+ Kl < 0.

Note that when o = ||H¢g|| we obtain the Nehari extension problem. As we have
seen, the sub-optimal model matching problem is equivalent to the sub-optimal
Nehari problem, where G and K are

G:=T'Ty and K :=T,'Q.

Other famous problems, as Caratheodory-Fejer problem or Nevanlinna-Pick prob-
lem, can be reduced to Nehari problems (see for example Partington [56]).

1.3 H, control and model reduction

In engineering areas, distributed parameter systems models are derived, and it can
be desirable to replace them by low order models without introducing too much
error. A model reduction problem can, in general, be stated as follows: Given a
stable model G of a system, find a low order (rational) model G, such that G
and G, are closed in some sense. The infinity norm is a way to express closeness.
In this context, ideal would be to solve the following problem: Given a transfer
function G € Hu, and a non-negative integer [, find a stable rational function Gy,
with the MacMillan degree at most [ such that the infinity norm

IG + Gaplloo

is minimized. To the best of our knowledge, this problem has not been solved
yet. Instead of minimizing the infinity norm of the transfer function G' + Gy, we
minimize

1G™ + Gl a

By |G~ + G5, ||z we denote the norm of the Hankel operator associated to the

(unstable) system G~ + G7,, and by G~ we denote

where 5 is the complex conjugate of s. Note that whenever G € H,, G~ is bounded
and analytic in the open left half-plane. For example

s—1\"7  s+1
s+1 T s—17

the stable pole —1 is transformed into the unstable pole 1.
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So we consider the following problem: Given a transfer function G € H,, and
a non-negative integer [, find a stable rational function G, with the MacMillan
degree at most [ such that the Hankel norm

1G™ + Gl (1.8)

is small.

In order to formulate the solution, we introduce H , the space of functions K
defined in the right half-plane which are the sum of two functions: one in H,, and
the other one a rational function K with MacMillan degree at most [, and with all
its poles in the open right half-plane.

We formulate the following natural extension of the Nehari problem: Given a
transfer function G € Lo and a non-negative integer [/, find a function K € Hu;
such that the infinity norm

16~ + K]l (1.9)

is small. Suppose that we have a solution K for this problem. Let K = GaNp + K,
where G, is the (unstable) rational part of K and Ky € Hw. Then Gy, is a
solution to (1.8). In order to illustrate this we need to recall three basic properties
of Hankel operators

: HG1+G2 = HGl + HG27
- Hqg =0, for G € Hy,
- ||Gllr < |Gl for any G € Lo

Using these properties, we see that

He~+x = Ho~ir.+cy, = Ho~tay, + Hr.,
= Hg~qaz,

and so

1G™ + Golla = 1GT + Kl[g < |G7 + K|

From the above inequality we see that whenever we find a K which makes (1.9)
small, the (unstable) rational part of K, G7,,, makes (1.8) small.

To say more about rational approximation of infinite-dimensional transfer func-
tions, the compactness of the Hankel operator is required, and we consider this as
an assumption in the rest of this section. The following criterion for the compact-
ness of an Hankel operator holds (see Partington [56]).

Theorem 1.2 Let G be a matriz-valued function in Lo,. The Hankel operator
with symbol G is compact if and only if

G e ™ 4 C*,

where C* is the space consisting of those functions continuous on the imaginary
axis, with well defined limits at +j00, and they are equal.
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Whenever the Hankel operator with symbol G is compact it has countably many
singular values (square roots of the eigenvalues of HH¢); we denote the singular
values of Hg by o) and we count them with respect to their multiplicity. The oy’s
are referred to as the Hankel singular values of G. The norm of Hg equals the
largest singular value of Hg.

The minimal value of the Hankel norm (1.8) was found for scalar case by Adam-
jan et al. [1], and for matrix-valued case by Kung and Lin [46], (for more background
on this problem see Sasane [64]). This is stated in the following theorem.

Theorem 1.3 For any G~ € L,

inf [|G™ = inf "+ Ko =
inf G+ Qllr = inf 6™+ Kl = o140,

where Q7 is a stable rational transfer function with MacMillan degree at most [.

Practically, finding a rational approximant of a non-rational transfer function
which achieve the minimum leads us to the sub-optimal Hankel norm approximation
problem: Given G € Lo, and 0141 < 0 < 0y, find all K € H; such that

||G+K||oo <o

For the case when o equals a singular value of the Hankel operator we obtain the
optimal Hankel norm approximation problem.

1.4 The Wiener class of transfer functions

Most of the results in this thesis are presented for the so called Wiener class of
transfer functions or for a quotient field of this class. Here we give a brief definition
of this class and we refer the reader to the next chapter for more details.

We define the Wiener class of stable transfer functions via impulse responses.
Let fo € C and let §(t) be the delta distribution at zero. Consider functions f(t)
(in time domain) which are the sum of an integrable function and a delta function,

ie.,
() = { 57“) + fod(t), iig

with fo |fa(t)|dt < oo. These functions are Laplace transformable, and their
Laplace transform is

fs) = o+ [ ettty
0
This allows us to define the set A as

A= { Flfe A}.

The elements of A are bounded and analytic in the open right half-plane (Re(s) >
0). Thus A C H., and we may call the elements of A stable. The set A is known
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as the Wiener algebra on the right half-plane or the causal Wiener algebra. We
consider also the algebra

W={f|f=fi+f with f1, f5 € A}. (1.11)

We call W the Wiener class of transfer functions, or the Wiener algebra on the
maginary axis.

In the following two examples we show that these transfer functions appear
naturally.

Example 1.4 Consider the ordinary differential equation in z

{ x(t) = —x(t) +u(t) for t >0
z(0) =0,

where wu(t) is the input variable. As output we choose

Cfwt—1) t>1
y(t){o 0<t<l.

The impulse response of the system is e_(t_l)l[l,oo) (t), which is an integrable func-
tion, and hence its Laplace transform

is an element of A. ]

Example 1.5 Consider the integrable impulse response

h(t) = 6(t) — e V1 ) (t) — (1 + a)e " Ljg 00 (1)

Its Laplace transform

is an element of A. ]

We define the following quotient field of A
BO = A[Aoo]_l - {fg_1|f € Aag € Aoo}a

where A, is the subclass of transfer functions in A with the property that their
limit at infinity exists it is nonzero, and there are no zeros on the imaginary axis.
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Example 1.6 Consider the following retarded equation

Lo(t) = ax(t) + x(t —b) +u(t) ,t>0,

dt

2(0) =0

x(a) =0 ,—b<a <0,
yt) =zt —1) ,t>0.

where the constants have the following values
5
a=—0.1, b=2log 3

The transfer function g(s) of the system is

—S

( ) Cpe
§) = ————.
g s+0.1—¢e st
We can write it as -
oo
_ s+1 _ n(s)
g(S) ~ s—a—e—sb d(S)
s+1

The only pole in the right half-plane of g(s) is 0.5. It can be checked that d € As.
From Example 1.4 we have that n € A. So g € Boy. Moreover, it can be proved
that (n(s),d(s)) is a coprime factorization of g(s), i.e., there exist z,y € A such
that xn + dy = 1. [

1.5 Organization of the thesis

In this thesis we develop frequency-domain solutions to H,, control problems for
linear time invariant (LTI) infinite-dimensional systems for multi input multi out-
put (MIMO) systems. The new idea behind the approach taken in this thesis is
to use the factorization results of Clancey and Gohberg [13] in an essential way
to obtain a .J-spectral factorization of certain matrix-valued functions. With the
help of the equalizing vectors (the elements in the kernel of the Toeplitz operator
associated to the matrix-valued function to be factorized), we are able to establish
the existence of a J-spectral factorization. We do this either directly, for the Ne-
hari problem and the Hankel norm approximation problem, or via the positivity of
some signal space for the standard H,, sub-optimal control problem.

To facilitate the reading of the thesis, we give a brief description of the material
contained in the succeeding chapters.

Chapter 2
The following classes of transfer functions for infinite dimensional systems are re-
called

1. Nevanlinna class (Foo := Hoo/Hxo);
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2. Wiener class and other algebras of transfer functions;

3. Pritchard-Salamon class (a class of infinite-dimensional systems which admits
a state-space representation).

Proofs or references are given for useful results concerning these classes.

Chapter 3

For the Wiener class of matrix-valued functions we provide necessary and sufficient
conditions for the existence of a J-spectral factorization. One of these conditions
is in terms of equalizing vectors. A second one states that the existence of a
J-spectral factorization is equivalent to the invertibility of the Toeplitz operator
associated to the function to be factorized. Our proofs are simple and only use
standard results of general factorization theory presented in Clancey and Gohberg
[13]. Note that we do not use a state-space representation of the system. However,
we make the connection with the known results for the Pritchard-Salamon class of
systems where an equivalent condition with the solvability of an algebraic Riccati
equation is given.

Chapter 4

In this chapter we obtain a simple frequency-domain solution for the sub-optimal
Nehari extension problem for the Wiener class of infinite-dimensional systems. The
approach is via J-spectral factorization, and it uses the concept of equalizing vec-
tors. The connection between the equalizing vectors and the Nehari extension
problem is given. Moreover, we present the sub-optimal Nehari extension problem
for Pritchard-Salamon systems as a particular case. Note that, since for this class
we have a state-space description, we can write explicitly the J-spectral factor in
state-space form.

Chapter 5

The purpose of this chapter is to present an elementary derivation of the reduction
of the sub-optimal Hankel norm approximation problem into a J-spectral factor-
ization problem. We do this also for the Wiener class of matrix-valued transfer
functions. The Pritchard-Salamon class of systems again fits into this theory and
a state-space description for the J-spectral factor can be explicitly written.

Chapter 6

Sufficient conditions for the solvability of the standard H., sub-optimal control
problem for the Nevanlinna class are given. The sufficient conditions are formulated
in terms of the existence of two J-lossless factorizations. For two classes of infinite-
dimensional systems, we prove that the sufficient conditions are also necessary.
Furthermore, a formula for the set of all stabilizing controllers is given.

Chapter 7

In this chapter we present some of the results from the previous chapters in the
framework of decomposing Banach algebras of continuous functions on the imagi-
nary axis. We present the Wiener algebra as a particular case.
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Some hints and directions for ongoing and future research are presented in a
concluding chapter.



Chapter 2

Classes of transfer functions

Introduction

Consider a linear, time-invariant system with inputs and outputs and assume that
the system is innitially at rest. The relationship between the Laplace transform of
the inputs and the outputs can be expressed in terms of a linear map known as the
transfer function. More precisely, suppose that we have an input u : [0,00) — C™
and an output y : [0,00) — C™ which are Laplace transformable. Let @ and § be
their Laplace transforms. A rational or irrational function G(s) which relates @
and ¢ by

§(s) = G(s)u(s) (2.1)

in some right half-plane is called the transfer function. We do not require G(s) to
be defined in the whole complex plane, but analyticity and boundedness in some
open right half-plane will normally be assumed.

For systems given in state-space with the usual quadruple X(A, B,C, D), the
transfer function is normally given by

G(s)=C(sI — A)'B+D.

Taking the inverse Laplace transform of the transfer function gives the impulse
response of the system

[ Dst)+CT(#t)B t>0
h(t) = { 0 t <0,

where T'(t) is the strongly continuous semigroup generated by A, and §(t) is the
delta distribution at zero. Time-domain and frequency-domain properties of linear,
time-invariant systems are equally important. Over the years there were voices
claiming the advantages of the frequency-domain approach (see for example .M.
Horowitz [35]).

17
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In this chapter we recall some classes of transfer functions. Via (2.1) one can
define for every transfer function a linear, time-invariant system. In the first sec-
tion of this chapter we consider a large class of transfer functions, known as the
Nevanlinna class of infinite-dimensional systems.

All absolutely integrable functions on [0, c0) have a Laplace transform. More-
over, the delta distribution is Laplace transformable. Taking the Laplace transform
of a sum of an integrable function and the delta function leads to a class of stable
transfer functions (note that these transfer functions are bounded and analytic in
the open right half-plane). This will be one of the two classes of stable transfer
functions, which we will describe in the second section, and it is known in the
literature as the Wiener algebra on the right half-plane. Many of the examples of
stable systems which we encounter in applications are included in this algebra.

In order to give a connection with the state-space representation we consider
also the Pritchard-Salamon class of systems. This is a class of abstract infinite-
dimensional state-space systems allowing some unboundedness of the control and
observation operators. We show that the transfer function of a stable Pritchard-
Salamon system is strictly included in the Wiener algebra on the right half-plane.

2.1 Nevanlinna class of infinite-dimensional sys-
tems

In this section we introduce the largest class of stable transfer functions one can
think of when H., control is the main purpose. First we introduce some notation.
For any € € (—00, +0), C. will denote the vertical line containing &:

C. :={s € C|Re(s) =¢}.

By C. 4+, C. _ we mean the open right and left half-plane, respectively delimited
by C.:

Cer = {s€C|Re(s) > e},
C.— = {seC|Re(s) <e}.

For e = 0, Cy denotes the imaginary axis, and

Ci:=Cop+ = {seC|Re(s) >0},
C_:=Co- = {seC]|Re(s)<0}.
We also define
E = CoUCy,
C_ = CouC_.

The function ¢ : C; U {oo} — D, where D is the unit disc and
1-s
1+

¢(s)
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is called the Cayley transform. We equip Co U {oc0} with its one point compactifi-
cation topology. This is the same as the topology induced by the topology of the
unit circle through the Cayley transform. As a consequence we have that —joo is
identified with +joo. Similarly, we equip Cy U{oco} with the topology induced via
Cayley transform by the topology of the closed unit disc.

Definition 2.1 Let 5(A) denote the mazimum singular value of the matriz A. We
consider the Hardy space

HX>™ = {F:Cy — C"™™ | F is analytic in C4 and
[1F||l . = sup 7(F(s)) < oo},
seCq

to be the set of our stable matriz-valued transfer functions. So a matriz-valued
function F' is stable if it is analytic and bounded in the open right half-plane.

We say that a square matriz-valued function is bistable if it is stable, its inverse
exists and it is also stable. We denote by GHI*™ (the units of HI*™) the set of
bistable matriz-valued functions.

With the quotient field of the Hardy space HZ*™ we define a large class of
matrix-valued functions. Since Ho, is an integral domain its quotient field is well
defined (see Definition A.7.17 in Curtain and Zwart [23]).

Definition 2.2 The quotient field of Hso is denoted by Fu,i.e.,
Fo:={H'G|G€Hy, Hc Hy, H#0}.

We denote by F2L*™ the class of n x m matriz-valued functions with entries in Fu.
Note that functions in F2*™ are not necessary analytic in some right half-plane.

In order to prove some properties of the stable matrix-valued functions we
introduce the following spaces:

+oo
1£ ()| *dw < oo},

HY :={f:Cy — C"| f is analytic in C.

+oo
and 1 = sup [+ ) P < oo,
r>0.J -0

L3 = {f:Co—C" | |Ifl2 :=/

H;I’l = {f:C_ — C"| f is analytic in C_
+oo
and g s=sup [ 100+ )l < oo}
r<0

— 00

L™ :={F:Cy— C™"™™ ||| fllL. :==ess sup| f(s)]| < oc}.

s€Co

In this thesis we regard L%, Hy, and H;“J‘ as signal spaces. The Hardy spaces
HY and Hy L give a direct sum decomposition of the space of square integrable
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functions L%. We denote by Il and II_ the projection from L7 onto HZ, and
Hy ’L, respectively. For more properties of Hardy spaces on the half-plane and the
connection with time-domain we refer to Hoffman [34] and Partington [56]. We will
usually write Ha, Hy", Hoo, Loo, or F, when we mean HY, HS’J‘, Hoxm pnxm
or F7*™ and when there is no danger of confusion.

We introduce the following notation

F7(s) = [F(=9)]",

where Q* is the transpose conjugate of the matrix Q € C"*™. Note that if F' € H,
then F~ is bounded and analytic in the open left half-plane. A matrix-valued
function G will be called antistable if G™ is stable.

It is easy to see that

for all s € Cg.
Example 2.3 We consider the matrix-valued function

s+1 s—2
_ 5—1 s+
F(S) - [ ° e *—s—3 ‘| '

s+3

We have that

[ s+1 5—2 ~ —5+1 —5-2 *
~ _ s—1 s+2 _ —5—1 —5+2
F (5) - 0 e *—s—3 - 0 e _(—5)-3

L s+3 —3+3
[ =5+1 —3-2 T —s+1 0

_ —5—1 —5+2 _ —s5—1

- 0 e= (=5 _(—%)—3 |: —s—2 e’+s—3 :|
L 543 —5+2 —5+3
r s—1

_ s+1 VO

- s+2  —e®—s+3
L s— s—3

|
In the following five lemmas we summarize some standard results on stable

matrix-valued functions.

Lemma 2.4 For a matriz-valued function F' € HIX™, we have that ||F||; <~

if and only if F~¥F — %I < 0 almost everywhere on the imaginary axis and at
infinity.

Proof: For the matrix-valued function F' € H*™ C L™ we have the relation

[ £ully
F = ||F = sup
|| ||HOC H HLOC weLm Hu||2 )
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see (23], Theorem A.6.26. Hence |F'||; < 7 is equivalent to
2 2
[ Fully =~ [lull; <0,

for all w € LT'. Using the definition of || - |2 and A™, we see that this is equivalent
to

/ " T () B (o) F (o) w () — 720~ () u (je)] do < 0

—00

for all uw € L5'. Rewriting this gives
(o]
/ u™ (jw) [F~ (jw)F(jw)—vQI}u(jw)dw <0,
—0o0
for all u € LY. This expression is equivalent with F~ F —~2I < 0 on the imaginary
axis. m
Lemma 2.5 Consider a matriz valued function F € L2*™. The following condi-
tions are equivalent
1. F is invertible in LI";
2. F~F > el on Cq for some strictly positive ;

Ly > Velul

Proof: First we will prove the equivalence between the first and the last item.

3. ||Ful

Ly for allu e Ly, u#0.

1.= 3. Suppose that F' € L™ is invertible in L™ and let L € L2*" be its
inverse. Then LFu = wu for all w € Ly and

[[ul

Ly = ILFull g <|[Lllp [[Fullpp = [|Fullpy >

Choosing € > 0 such that
1
T > Ve,
1Ll

gives the desired result.

3.=L I [Full,, > VE [[ul|p for all nonzero u € Ly, then ker F' = {0} C Ly, and
so the correspondence between the domain and the range is one-to-one and thus
F~! exists. Suppose that F~! is not bounded almost everywhere. Then, for any
arbitrary M > 0, there exists a v € Lo such that

[F~ ]2 = M]vll2. (2.2)
If we replace now v with F~1v in the inequality

|Full g > VE |l

n
L3
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and we use also (2.2), we obtain that
[vlla = [FE~ o2 > VElF T olla > vVEM ]2
The inequality above is not true if we choose M sufficiently large. So we conclude

that F~ ! € L.

2.<3. The condition F~F > eI on the imaginary axis is equivalent to the following
positivity condition

(o]
[0 ) [P () F (o) el u () do > 0, (2.3)
for all u € LT, u # 0. Expanding the expression in (2.3) gives
[ ) F () F () u i) — 20 () ) > 0
which is equivalent to
[FullZ, > ellull,
for all w € L%, u # 0. ]

Using the previous lemma and the fact that F7 is invertible if and only if F is,
the following result easily follows.

Lemma 2.6 A matriz F' € L™ is invertible in L2X™ if and only if FF~ > el
for some strictly positive €.

For stable matrix-valued transfer functions there exists a similar result.

Lemma 2.7 A stable matriz-valued transfer function F' is bistable if and only if
the inequality

F(s)"F(s) > el (2.4)
holds for all s € C,..

Proof: From (2.4) it follows that for every s € Cy the matrix F(s) has an
inverse. Standard complex analysis gives that this inverse is an analytic function
of s € C4. Multiplying (2.4) from the right with this inverse and from the left by
the transposed of the inverse gives

I>eF(s) "F(s)™ "

Or equivalently
_ 1
1E=H (s)ul* < <lull®

for all s € C; and u € C"™. This shows that F'~! € H,,. Conversely, let F be a
bistable matrix-valued function. Since F~! € H, there exists a constant M such
that

[F~ (s)ul* < Mul?
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for all s € C4 and v € C™. This is equivalent to

1 ) —1
IZMF(S) F(s)™,

so we can conclude that (2.4) holds for all s € C. ]

Lemma 2.8 Suppose that F' € L3}" with ||F||,_ < 1. Then F is stable if and
only if (I + F)~" is stable.

Proof: The fact that (I + F)f1 is stable implies that F' is stable is proved in
Lemma 8.3.5 in [23]. Now suppose that F' is stable. It has to be shown that

(I 4+ F)~" is stable. We prove that (I + F)™' = Soreo (—F)k. F is stable implies
that the sequence of partial sums

is also stable. Since F is stable, we have that | F||._ = ||F| x.,. Furthermore, we
see that

n

o= Fllg. < > NG m <n.
k=m+1

Since ||[F|lg., = [|F|lr.. <1, this implies that (fy,)nen is a Cauchy sequence. H,
is a Banach space, so it is complete, and thus the sequence f, has a limit in H.
Let us denote the limit with f. We have that

n

fU+F) = Tim fo(I+F) = lim 3" (=F)" (I + F) = lim (I - (fF)”“) ~ I

n— o0
k=0

The equality

implies that (I + F')f = I. Therefore
f=U+F)",

and since f € Ho, we have that (I + F) ™" is stable. ]

A general version of this result will be stated in Chapter 7.
The proof of the next lemma will be omitted, since it is straightforward.

Lemma 2.9 If the matriz-valued function F is an element of H'X™ then FT €
H™ ™ and HFTHHOo = ||F|lg_ -

We end this section with a technical result that will be usefull in Chapter 6.
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Lemma 2.10 Consider the stable transfer matrices Vi, Vo, Uy and Us, with V} €
HXE™™ Vs € HI=xm= U, € HY "™ U,y e HI=%"= Assume that Vo and Us are
invertible in L7z*™= and that the following inequalities are satisfied

Ve, <1 and WU, <1

.
Then VU1 4+ VoUs is bistable if and only if Vo and Uy are bistable.

Proof: Since V; € HaZ™"", Vo € H=*"= Uy € HY ™" | Uy € H: %"= it follows
that V1U; + V,Us is stable. Therefore it is enough to prove that (VU + VgUg)f1
is stable if and only if V5 and Us are bistable.

Suppose that V5 and Us are bistable and define F' = v;lvl Uq U;l. Since by
assumption Vi, V{l, Uy, U{l are stable, F' is also stable. Furthermore,

1l = (Vo Vatnty | < (Ve VAl [loats ], < 1

Iz,
Applying Lemma 2.8 it follows that (I + F)~" is stable. Therefore
WU+ Val) ! = U (VG AU+ 1) W = 0 (P D)7

is stable.
Conversely, if (V1U; + VQUQ)_1 is stable, then

(I+ Vs iUy ") ™ = Us (ViU + Valla) ™ Vi

is also stable. Since ||V271V1U1 U;l ||L < 1 we can apply Lemma 2.8 and conclude

that V, 'V3U1 U, ! is stable as well. This trivially implies that I + V, ViU Uy * is
stable. Now we see that

Uyl = U I+ Ve iUy ) T (T4 Vs ViU ) =
(ViUL + Vala) ™' Vi (I + V3 'Vilh UL )

and
Vil o= (T+Vy oy Y (T+ vy ooy Y T vt
= (I+Vy, "WVilhUy V) Us (ViU + Vala) ™
So U, ! and V, ' are stable. ]

2.2 Algebras of transfer functions

First we define two classes of stable transfer functions via their impulse responses.

Definition 2.11 Let 6(t) be the delta distribution at zero.
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1. We say that f € A if f has the representation

f(t) { gf(t)  fod2) iig (2.5)

with [ | fa(t)|dt < oo, and fo € C.

2. We say that f € A_ if f has the representation (2.5) with [} €| fq(t)|dt <
oo for some € > 0, and fy € C.

Proposition 2.12 A is a commutative convolution algebra with identity under the
norm

nﬂu:=Amuumm+wnL (2.6)

The convolution product is defined by

(F*h)(t) = / Falt — $)ha(s)ds + foha(t) + hofu(t) + fohod(t),
0
where [ is given by (2.5) and h € A is defined by

O )

Proof: It can be easily seen that A is a subalgebra of the algebra considered by
Curtain and Zwart in Lemma A.7.46, [23]. ]

The following proposition shows that the Laplace transform is well defined for
elements of A.

Proposition 2.13 f € A posseses a Laplace transform f in C4 given by
fo) = [ e puttdt+ o, fors e T (2.9)
0

Proof: The case with f = f, is covered by Definition A.6.1, Property A.6.2 and
Lemma A.6.5 in Curtain and Zwart [23]. Although the delta distribution is not a
function, it has the Laplace transform the identity on the whole complex plane.

|

By Proposition 2.13 we see that for every f € A, f is well-defined on C,. This
allows us to define the set A as

A= { flfe A}.
The following propositions provide some properties of this set.

Proposition 2.14 Let f € A, and let f € A be the corresponding Laplace trans-
form of f. The following properties hold:
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1. Frg=1fgfor f,g€ A;

2. f is bounded in Cy and

sup [f(s)] < /1l
seCy

3. f is holomorphic on C4 and continuous on C ;

4. fG A has the limit fo at infinity, i.e.
{17) = folis € Thlsl = p} =0 as p— oo
5. AC Hy.

Proof: The results follow similarly as in the proof of Corollary A.7.47 from
Curtain and Zwart [23] and from Callier and Desoer [10], [11], [12]. ]

From the above proposition, we see that Ac H,, and thus we may call the
elements of A stable.

Proposition 2.15 (A, ||-||e) is a commutative Banach algebra with identity under
pointwise addition and multiplication.

Proof: This follows from the properties of A and the Laplace transform stated
in Proposition 2.12, Proposition 2.13 and Proposition 2.14. [ |

The set A is known in the literature as the Wiener algebra on the right half-
plane or the causal Wiener algebra. In order to allow for unstable transfer functions
we extend A with A™ as introduced in the previous section

A ={feLs|f~ecA}.
Proposition 2.16 Iff e An AN, then f 1 a constant.

Proof: Since f € /l, we have that f is bounded and continuous in the closed right
half-plane and holomorphic in the open right half-plane. From f € A~ we conclude
that f is bounded and continuous in the closed left half-plane and holomorphic in
the open left-half plane. So we can extend f to a bounded holomorphic function
in the hole complex plane. Applying now the Liouville’s theorem we conclude that
f is a constant function. ]

Definition 2.17 We consider the algebra

Wi=Ao Ay, (2.11)

where

Ay ={feLy|f~eA lim f(s) =0} (2.12)

|s]—o00, s€Cq

We use the notation Wrxm for the class of n x m matriz-valued functions with
entries in YW, and we call it the Wiener class of transfer functions.
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We see that Ay and W are nothing other but L;(0,00) and L;(R) + §(¢)C,
respectively. From Proposition 2.14 we see that the elements of W are bounded,
continuous on the imaginary axis and their limit at infinity exists (see also Callier
and Desoer [10]). The set W is also known as the Wiener algebra on the imaginary
azis.

Similarly as W we define

W_ =A@ A~,. (2.13)

where

Avg={fels|f €A, lim _ f(s) =0}
s]—00, s€Co
We denote by Anxm, Aw,nxm, V4A771><m,)/Avnxm7 Wﬁxm the classes of 1157 matrix-

valued functions with entries in fl, AN, /L, W, VA\L, respectively. As in the
previous section, we omit the size of the matrix when there is no danger of confusion.

Proposition 2.18 Let Z € W™ (A"*") be such that det(Z) does not vanish at
any point on the imaginary azis including infinity (see Proposition 2.14 item /).
Then Z is invertible over YW">™(A™*"™).

Proof: We first present the proof for Z € W. Since det(Z) € W does not vanish
at any point on the imaginary axis including infinity, a result of Wiener presented
by Ahiezer in [3] says that (det(Z))~! € W. The inverse of a square matrix Z is

given by
1

Z7s) = det(Z(s))

adj(Z(s)).

The matrix-valued function adj(Z) is in W”X", since its components are sums and
products of the components of Z(s) which are in W by assumption.

For A"*™ the proof is very similar. The only exeption is that one has to use
a rezult of Paley and Wiener [55] to conclude that (det(Z))~' € A if det(Z) does
not vanish at any point on the imaginary axis including infinity. [

The following two propositions provide equivalent conditions for the invertibility
of a matrix-valued function over W"*"(A"*™) (see Callier and Desoer [10]).

Proposition 2.19 Let F' = F, + Fyd be an element of W™*™. The following
statements are equivalent:

1. F is invertible over W™ ;
2. det Fy # 0 and det F'(s) # 0 for all s € Cy;
3. inf{|det F'(s)|;s € Co} > 0.

Proposition 2.20 Let F = F, + Fyd be an element of A"*™. The following
statements are equivalent:

1. F is invertible over A" ™;
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2. det Fy # 0 and det F'(s) # 0 for all s € Cy ;
3. inf{|det F(s)];s € C;} > 0.

Corollary 2.21 Suppose that F' € Wrxn with |Flp. < 1. Then F € A™*™ if
and only if (I + F)~1 € Amx",

Proof: Suppose that F € A"*" with |F|;.. < 1. It has to be shown that
(I+F)~' e A" Since A"*" C H,, (see Proposition 2.14 item 5.), we have that
F € Hy. From Lemma 2.8 we conclude that (I+ F)~! exists and (I+F)~! € Ho,
so also [det(I + F)]~! € Ho.. This means that [det(I + F)]~! is bounded in C.,
ie.,

sup |[det(I + F)] 7! = M < .
seCq

Using Lemma A.6.17 from Curtain and Zwart [23], we see that the supremum does
not change if we take it over all s € C;. For s € C; we see that

1 1
|[det(I + F(s)] 1 = M’

|det(I + F(s))| =

and so
— 1
inf{|det(I + F(s))|; s € C+} > U

Using now Proposition 2.20 we obtain the invertibility of I + F over A.
Using once more Lemma 2.8 one can prove similarly the converse implication.
|

Remark 2.22 For a Banach algebra with identity e, we have the following result
for the existence of an inverse: if ||a|| < 1, then the inverse of e 4+ a ewists (see
Curtain and Zwart [23], Lemma A.7.15). Since A is a Banach algebra with identity
(see Proposition 2.15) one implication of the previous corollary can be also seen as
a consequence of this rezult.

As a consequence of Proposition 2.19 and Lemma 2.5 we have the following
result.

Lemma 2.23 Consider the matriz-valued function F € W™ ™. The following
statements are equivalent:

1. F is invertible over Loo;
2. F is invertible over W;

3. F~F > I on the imaginary azis for some positive €.
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Similar propositions hold true for W™*™ and A™*".

We denote by GW"X”, GA”X", GA~"%" the set of invertible elements in
ann Anxn Aw,nxn
K K K
Let us denote by RH, the set of rational proper matrix-valued transfer func-
tions, with their poles the open left half-plane, and RL.. the set of rational matrix-
valued functions that are proper and have no poles on the imaginary axis.

Definition 2.24 A Banach algebra of continuous functions on the imaginary azis
with a well defined limit at infinity and containing RL. as a dense subset will be
called a R-algebra.

Definition 2.25 Let B be a Banach algebra. We call B a decomposing Banach
algebra if B has closed subalgebras By and B_, both containing non-zero elements,
such that

B=B_®B;,

where by & we denote the direct sum.
Proposition 2.26 The algebra W is a decomposing R-algebra.

Proof: This property it is easy to obtain from the definition of YW and Theorem
A.7.56 in Curtain and Zwart [23]. It is also stated in Clancey and Gohberg [13],
Chapter 2. [ |

Similarly, as Fl,, we can define the quotient field of A. However, we restrict
this quotient field to a smaller set of fractions.

Definition 2.27 We define the algebra of fractions
BO = A[Aoo]_l = {fg_llf € /l,g € AOO})

where A, is the subclass of transfer functions in A with the property that their
limit at infinity is nonzero, and there are no zeros on the imaginary axis. We use
the notation ngm for the class of n x m matriz-valued functions with entries in
By.
Since a function ¢ in As has no zeros on the closed imaginary axis (including
infinity) the number of unstable zeros of ¢ in C, is finite (counted with respect to
their multiplicity) and all of them are in C,. Note that the poles of fg=! in the
open right-half plane are exactly the zeros of g. This means that fg~! has finitely
many unstable poles and all of them are contained in the open right half-plane.
The following lemma provides a sufficient condition for a bounded analytic

function to correspond to a Laplace transformable function. This result was proved
by Mossaheb in [53].

Lemma 2.28 Let g be an analytic function on C such that sg(s) is bounded

on C4. Then for any € > 0 there exists an h such that g = h on C.+ and
IS et h(t)|dt < .
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We provide a simple representation for the algebra of fractions Bo.

Lemma 2.29 For the algebra of fractions Bo we have the following representation:
h € By if and only if R

h=a+r,
where & € A and 7 is a strictly proper, rational transfer function with all its poles
in the open right half-plane.

Proof:
Sufficiency: Since G and 7 are in By and by assumption By is closed under addition,
we have that h € Bg.

Necessity: We consider h € By whose poles in C, are p; of order m;, ¢ = 1, ..., 1.
Around each pole p;, h has the Laurent expression

SN et

21]1

We take

T m

=YY

11]1

which is a strictly proper, rational transfer function with all its poles in the open
right half—plane We see that a € BO, and we will prove that a E A. From the
definition of BO, there exists m € A and 7 € Aoo such that a =

The only unstable zeroes of 7 should be also zeroes for m (otherwise we include
them in p;). We prove that 7 and 7. can be choosen to have no common unstable
zeroes. Let p € C; be a common zero for m and n. Since n € A C Aandm e A
we obtain that (see Krein [45])

nfs) rm(s)

, e A.
S§—p s$—p
This implies that n; and m; defined as
1 .
ny(s) = ztpﬁ(s) =n(s)+ (p+ 1):39) ,
. s+1 . m(s)
= = 1

ns) = Si(s) = i(s) + (p+ DI

are also elements of A. Moreover, a = ?’;‘—11, and since 7 € A, we have that

f1 € Ase. Using the procedure described above we can eliminate all unstable zeros
of n without changing the quotient @ = % Consequently 7 and 7 can be choosen
to have no common unstable zeroes. This implies that n can be choosen such that
does not vanish in the closed right half-plane, including infinity. Using Proposition
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2.20 (scalar version; the item 3. is satisfied) we conclude that 7 is invertible over
Aandhencea——EA [

We define another class of unstable irrational systems.
Definition 2.30 We define the algebra of fractions

B. = A [An ]!
Lime A and € /loq_}

= mn~
where floo,, is the subclass of transfer functions in A_ with a nonzero limit at in-
finity over the closed right half-plane and only finitely many unstable poles (counted
with their multiplicity) in C..

We use the notation B"*™ for the class of n x m matriz-valued functions with
entries in B_.

Proposition 2.31 For the algebra of fractions B_ we have the following represen-
tation: h € B_ if and only if

h=a+7

where 6 € A_ and 7 is a strictly proper, rational transfer function with all its poles
in the closed right half-plane.

Proof: A proof of this result can be found in Curtain and Zwart [23], see Theorem
7.1.16.b. [ |

We present important remarks regarding the classes of irrational transfer func-
tions defined before.

Remark 2.32

1. B_ is smaller than the algebra of fractions defined by Curtain and Zwart
in [23], Definition 7.1.6 (Callier-Desoer class for = 0). For example,

functions of the form
St

where a, and t, are real positive numbers, are not included in B_ but they
belong to the Callier-Desoer class.

2. B_ is the same class as considered by Curtain and Green in [15].

-

3. We have that%%l% but 1 = =L € B_.

s+

-+
i\l

|

4. From the previous item of this remark, Propositions 2.29 and 2.31 and the
fact that A_ s strictly contained in A we see that neither of B_ nor By
contains the other.
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2.3 Coprime factorization

The concept of coprime factorization was introduced for transfer matrices by Vidyasagar
in [74], and it will play an important role in the chapters 5-6.

Definition 2.33 A matriz-valued function G € Fy has a left-coprime factoriza-
tion over H if there exist matriz-valued functions D, N, X,Y € Hy,, D is square
and det(D) # 0, such that G = D™'N and and the following Bezout identity

DX +NY =1
holds.

Definition 2.34 A matriz-valued function G € Fy, has a right-coprime factoriza-
tion over Hyo if there exist matriz-valued functions D, N, X, Y € Hy, such that
G = ND~! and and the following Bezout identity

XD+YN=1
holds.

The right (left)-coprime factorization is unique except for the possibility of mul-
tiplying the “numerator” and “denominator” matrices on the right (left) by a
matrix-valued function invertible over Ho, (see Vidyasagar [74], Chapter 4).

We call a matrix-valued function G € F,, “stabilizable” if there exist a matrix-
valued function K € Fi, such that the following matrix-valued functions

S:=(—-GK)', KS, SG, I+ KSG

are elements of H,,. Not every matrix-valued function has a coprime factorization.
However, the set of stabilizable elements have such a factorization, as was proved
by Smith [68].

Theorem 2.35 FEvery stabilizable matriz-valued function G € F has a left and
right-coprime factorization over Hso.

Definition 2.36 A matriz-valued function K € B_ (K € By) is said to have
a right-coprime factorization over A_ (A) if there exist matriz-valued functions
N, M, X and Y € A_ (fl), where M is a square matriz-valued function with
det(M) € A, (€ As) such that K = NM~" and the following Bezout iden-
tity holds:

XM+YN=1I

Jor all s € C,. Similarly, one can define the left-coprime factorization over A
and A.

The following lemma shows that the elements of Bg “™ have a coprime factor-
ization.
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Lemma 2.37 For any K € ngm, there exists a right-coprime factorization K =
NM~Y, where M is rational and det M € Ao has a finite number of unstable zeros
non of them on the imaginary axis.

Proof: As a consequence of Lemma 2.29 we have that K = G + I’ where G is a
proper rational matrix-valued transfer function, with all its poles in the open right
half-plane, and F € Anxm,

Let G = N1 M~! be a right-coprime factorization of G over RH,,. This always
exists and det M € Ay, (see Lemma A.7.37 in Curtain and Zwart [23]). We have
that

K=F+G=(FM+ N,)M~'. (2.14)

We prove that (2.14) is a right-coprime factorization of K over A.
Since G = Ny M~! is a right-coprime factorization of G over RH,,, there exists
X1, Y1 € RH, such that

XiM —-Y N, =1.

We define

X = Xi+WNF

We see that
XM—-YN=(X1+YV"F)M—-Y,(FM + Ny) =1.

Moreover, from the ring properties of A we have that X, +Y1F € A and M € Ao
We can conclude now that (2.14) is a right-coprime factorization of K over 4. ®

The coprime factorization of matrix-valued functions in BO is unique up to
multiplication with an inverible element in A. This is stated in the following
lemma.

Lemma 2.38 Let K € ngm and K = NM~! be a right-coprime factorization

of K over A. For any matriz-valued function X invertible over Ame, K =
(NX)(MX)~t is another coprime factorization of K over A.
Moreover, any two right-coprime factorizations of K € By ™ over A are unique up

to a multiplication to the right by a matriz-valued function invertible over Amxm

Proof: The proof is analogous to the parts b. and c. of the proof of Theorem
7.2.8, Curtain and Zwart [23]. ]

Similar results as in Lemma 2.37 and Lemma 2.38 can be proved for a left-
coprime factorization and hold also for 5_ (see Curtain and Zwart [23], Theorem
7.2.8).
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2.4 Pritchard-Salamon class of infinite-dimensional
systems

In this section we introduce a class of infinite-dimensional systems which admits a
state-space description allowing some unboundedness of the control and observation
operators. This class is well-studied in the literature, see for example Salamon [61],
[62], Pritchard and Salamon [58], Curtain et al. [17], and Weiss [78].

First we recall standard concepts from operator theory. Let us denote by £(X)
the set of bounded linear operators on the Hilbert space X.

Definition 2.39 A Cy-semigroup is an operator-valued function T'(t) from [0, +00)
to L(X) that satisfies the following properties:

1. T(t+s)=T@)T(s) fort,s >0;
2. T0)=1I;
3. | T(t)z0 — 20]] — 0 as t — 0T for all 2o € X.
The growth bound of the Cy-semigroup T(t), denoted by wo, is defined to be

.1
wo = inf — log | T(#)].

Definition 2.40 A Cy-semigroup, T(t), on a Hilbert space X is exponentially
stable if there exist positive constants M and o such that

T < Me™®* fort > 0. (2.15)
The « is called the decay rate of T'(t) .

Before we define the concepts of admissible input and output operators (due
to Salamon [60]) we introduce some notation. For two Hilbert spaces X and Y,
X — Y means that X C Y, X is dense in Y and the canonical injection is con-
tinuous. In particular, there exists some constant ¢ such that for all z € X there
holds ||z|ly < e|lz||x-

If T(-) is a Cy-semigroup on two Hilbert spaces X and Y, then its infinitesimal
generator will be denoted by using the corresponding space as a superscript, e.g.
AX and AY. We denote the growth bound on the Hilbert space X by wX.

Definition 2.41 Let V and W be complex separable Hilbert spaces with W — V'
and let T'(+) be a Cy-semigroup on V which restricts to a Cy-semigroup on W. An
operator B € L(C™, V) is called an admissible input operator for T'(), with respect
to (W, V), if there exists a constant 5> 0 and a t > 0 such that

/t T(t— s)Bu(s)ds € W (2.16)
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and .
I / T(t = s)Bu(s)ds|w < Bllulla(0,60m) (2.17)
0
for all u(-) € Ly(0,¢;C™).

Definition 2.42 Let V and W be complex separable Hilbert spaces with W — V'
and let T'(+) be a Cy-semigroup on V which restricts to a Cy-semigroup on W. An
operator C' € L(W,C"™) is called an admissible output operator for T'(-) with respect
to (W, V), if there exists a constant v > 0 and a t > 0 such that

ICT ()| Ly 0,40m) < yl|zllv for all z € W. (2.18)

Remark 2.43 The definition of an admissible input and output operators is inde-
pendent of t. This means that if (2.16), (2.17), or (2.18) holds for some t > 0,
then it can be shown that it holds for all t > 0, where 8 and ~y will depend on t in
general (see Curtain et al. [17], Remark 2.10, page 11) .

Now we give the definition of a Pritchard-Salamon system as in Weiss [77]. This
class of systems was introduced for the first time in Pritchard and Salamon [58].

Definition 2.44 Let V and W be complex separable Hilbert spaces with W — V'
and let T'(+) be a Cy-semigroup on V' which restricts to a Cy-semigroup on W. Let
B e L(C™, V) and C € L(W,C™) be admissible input and output operators for T(-)
with respect to (W, V'), respectively. Suppose that D € L(C™,C"™). Under the above
assumptions the system given by

{ a(t) = T(t)xo + [y T(t — s)Bu(s)ds, (2.19)
y(t) = Cz(t) + Du(t)
where xg € V, t > 0 and u(-) € L2(0,t;C™) is called a Pritchard-Salamon system
and will be denoted by the quadruple (T(-), B,C, D). If, in addition,
D(AY) — W, (2.20)

the system is called a smooth Pritchard-Salamon. Moreover, if T(-) is an exponen-
tially stable semigroup on V and W the system is called an exponentially stable
Pritchard Salamon system.

In the following definition we introduce the transfer function of a Pritchard-Salamon
system (2.19).

Definition 2.45 Consider the system (2.19) with xo = 0 and suppose that B €
L(C™ V) is an admissible input operator for T(-) with respect to (W, V) and C' €
L(W,C"). A holomorphic function G : C. + — L(C™,C"™) is called a transfer
function of (2.19) if for any admissible input u there holds

:&(S) = G(S)’&(S) fOT s € (Cmax{e,/\(u)},Jr

where
AMu) :=inf{A € R | u(-)e™ € Ly(0,00;C™)}.
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Remark 2.46 From analiticity, it is clear that if G1 : Coy 4 — L(C™,C™) and
Gs : C., 1 — L(C™,C™) are two transfer functions of (2.19) then G1(s) = Ga(s)
for all s € Cpaxfe; ea),+-

Any Pritchard-Salamon system of the form (2.19) has a well-defined transfer
function provided that B € £(C™, V) is an admissible input operator for T'(-) with
respect to (W, V) and C € L(W,C") (see Curtain et al. [17]).

Proposition 2.47 Consider the system (2.19) with xo = 0 and D = 0. Suppose
that B € L(C™,V) is an admissible input operator for T(-) with respect to (W, V)
and C € L(W,C™). Let u be an admissible input and let € be any number which
satisfies € > max{ww,wy, A(u)}. Then the following statements hold true:

L y(')eie. € Ll(oa 003 (Cn) N L2(Oa 003 (Cn) ;
2. 9(s) = C(sI — AV)"1Ba(s) + Di(s) for all s € C. y;
3. C(I — AV)"'B € Hyo(Cc iy, C™™) for all e > max{wy,ww},

where
Hoo(Cey, €™ := {G:Coqp — C™™ | G analytic,
sup [|G(8)|lzcm,cny < 00}
s€Ce 4

It follows in particular that C(sI — AV)™1B is a transfer function of (2.19), where
D =0.

Proof: See Curtain et al. [17], Proposition 2.15, page 451. ]

We remark that the growth bounds w" and w"' are not the same, in general
(see Curtain et al. [17]).

Lemma 2.48 The transfer function of an exponentially stable, Pritchard-Salamon
system with finite-dimensional input and output spaces is in the class A.

Proof: See Proposition 3.5 (ii) in Curtain et al. [17] (see also Curtain [14]). m



Chapter 3

J-spectral factorization

Introduction

Given a matrix-valued function Z defined on the imaginary axis, the J-spectral
factorization problem is to find a stable invertible matrix-valued function V' with
a stable inverse such that

20 =ve |5 5 ve.

for almost all s on the imaginary axis (recall that by V* we denoted the transposed
conjugate of V). The matrix-valued function V is called a J-spectral factor for Z.

Since the J-spectral factorization plays an essential role in H,-control, it is
important to know if the matrix-valued function Z possesses such a factorization.
In this chapter we provide necessary and sufficient conditions for the existence of
a J-spectral factorization for a large class of matrix-valued functions.

The first necessary and sufficient condition is given using the notion of the equal-
izing vectors. For finite-dimensional systems this result was obtained in Meinsma
[50], using state-space techniques. The proof presented here is completely in the
frequency-domain and uses the factorization results of Clancey and Gohberg [13]
in an essential way.

If the matrix-valued function Z is an element of W, we prove that the exis-
tence of a J-spectral factorization is equivalent to the invertibility of an associated
Toeplitz operator. This generalizes a result obtained in Weiss [77], where this was
shown to hold for an exponentially stable Pritchard-Salamon system. The proof in
[77] is very long and uses Riccati equations.

In the second section of this chapter we provide the connections between the
state-space representation of Pritchard-Salamon systems and the frequency domain
results obtained for the Wiener class of infinite-dimensional systems.

Assuming that a J-spectral factorization exists for the matrix-valued function
Z € W, we provide an algorithm for computing the J-spectral factor. The al-

37
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gorithm is practical if one can solve two algebraic equations involving projection
operators.

3.1 J-spectral factorization for the decomposing
Banach algebra W

Before we give a precise definition of the J-spectral factorization we recall the
definition of a standard factorization relative to the imaginary axis.

Definition 3.1 The matriz-valued function Z € W**¥ is said to admit a (right-)
standard factorization relative to the imaginary axis if Z can be decomposed as

Z=27_DZ,, (3.1)

with Z_ € GA*k~ 7. ¢ GA*k and D a diagonal matriz-valued function of the

form
s—s = 5—s Fn
D (s) = diag [<71> Yo (771) ] , s € Cy, (3.2)
S— 841 S— S4.n
withs_; € C_, sy, € Cy, ky € Z and k1 > ... > k,,. The integers k; are called
(the right-) partial indices of the factorization. In the case k1 = ... =k, = 0, so

that,
Z=7_Zy, (3.3)

then Z is said to admit a (right-) canonical factorization relative to the imaginary
aris.

_ The existence of a standard factorization for the decomposing Banach algebra
W of matrix-valued continuous functions has been shown in Clancey and Gohberg
[13], Chapter II.

Theorem 3.2 Let Z € W*** be a matriz-valued function. We have that Z satis-

fies
det Z (s) # 0, for all s € Co U {0}

if and only if Z admits a standard factorization relative to the imaginary axis.

Hence every invertible element of W admits a standard factorization. As men-
tioned in the introduction we are interested in J-spectral factorizations. For its
definition we need to consider the matrix

(L 0
J’y,n,m T |: 0 _,yQIm :| )

where v is a strictly positive real number and n, m € N. Sometimes we simply use
Jn,m, when v =1, or J without indices, when there is no danger for confusion.
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Definition 3.3 Let Z = Z~ € W*** be a matriz-valued function. Z has a J-
spectral factorization if there exists a matriz-valued function V € GAF*k such
that

Z(s) =V~ (s)JV(s) for all s € Co U {o0}. (3.4)

A solution V' of (3.4) is called J-spectral factor of the matriz-valued function Z.

The following theorem provides the relation between different solutions for the
J-spectral factorization problem for a matrix-valued function Z € W, in case that
the problem is solvable.

Theorem 3.4 Let Z = Z~ € W’“Xk, and suppose that X € GA*** is a J-spectral
factor for Z. Then an'Y € GA*** satisfies

YYJY =Z=X"JX (3.5)
on the imaginary axis if and only if Y = QX, where Q) is a constant matric
satisfying

Q™JIQ =J. (3.6)

Proof: Suppose that there exist bistable matrix-valued functions X and Y such
that (3.5) holds on the imaginary axis. Multiplying the equality (3.5) to the right
with the inverse of X and to the left with the inverse of Y~ we obtain that

JYX ' =y~ "tx~J
over the imaginary axis. We define
Q:=JYXx 1

The left-hand side of the above equality is stable and the right-hand side is anti-
stable. Using Proposition 2.16, we conclude that @) is a constant matrix. We see
that @ satisfies

QYIQ=X"T"Y JVJIYX =XV (YTIY)X T =,

which is exactly (3.6).
Conversely, if X is a J-spectral factor for the matrix-valued function Z and @
is a constant matrix such that (3.6) is satisfied, then QX € GA and

(QX)™J(QX) = X~Q~JQX = X~JX = J.

This implies that QX is also a J-spectral factor for Z. [

In fact the previous lemma shows that the J-spectral factor is unique up to a
multiplication with a constant matrix satisfying the relation (3.6).

One of the necessary and sufficient conditions for the existence of the J-spectral
factorization will be given in terms of Toeplitz operators, defined as follows.
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Definition 3.5 Let G € L7*™. The Toeplitz operator with symbol G is defined
by
T : HY' — Hy, Tax = PGz, (3.7)

where Py : LY — H3' is the orthogonal projection from L5 onto HJ.

A property of Toeplitz operators which we will use later is given in the following
lemma.

Lemma 3.6 Let us consider the matriz-valued functions G, K € Loo. If G™ € Hyo
or K € Hy,, then the following equality holds

Tex = TaTk. (3.8)

Proof: A proof can be found in Weiss [77]. [

Another necessary and sufficient condition for the existence of the J-spectral
factorization will be stated using the equalizing vectors. For the moment we give
only the definition of the equalizing vectors. More properties will be provided in
the next chapter.

Definition 3.7 A vector u is an equalizing vector of Z € Whixka if u is a nonzero
element of HY* with Zu in HY"*.

The following lemma shows that the nonexistence of equalizing vectors is a
necessary condition for the existence of a J-spectral factorization (see also Meinsma
[50]).

Lemma 3.8 Let Z € W € GA*** be a matriz-valued function that admits a J-
spectral factorization. Then Z has no equalizing vectors.

Proof: Suppose that Z admits a J-spectral factorization
Z(s) =V~ (s)JV(s) (3.9)

with V' € GA, and let u be an equalizing vector for the matrix-valued function Z.
Applying (3.9) to v and multiplying it to the left with the inverse of V™ (let us
denote it by V=), we obtain

V="Zu= JVu. (3.10)

Since V € GA and u € Ho, the right-hand side of the equality (3.10) is in Hy. From
the definition of an equalizing vector we have that Zu € Hs . Furthermore, since
V e GA' and so V"~ € GA™, we have that the left-hand side of the equality (3.10)
is in H5 . Thus equality (3.10) is satisfied only when u = 0. But, by definition, the
equalizing vectors are nonzero. This means that the matrix-valued function Z has
no equalizing vectors. [ |

The main result of this chapter is the following.
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Theorem 3.9 Let Z = Z~ € W*** be such that det Z (s) # 0, for all s € Co U
{o0}. The following statements are equivalent:

1. Z admits a J-spectral factorization;
2. Z has no equalizing vectors;

3. The Toeplitz operator Ty is boundedly invertible.

Proof: 1.= 3. Suppose that the matrix-valued function Z admits a J-spectral
factorization Z = V*~JV, where V € GA. We define Z_ = V~J and Zy = V.
Obviously, Z, € GA and Z_ € GA™. Since A C H,, we obtain by Lemma 3.6
that

TyTz, =Tyng, =1="T2,Ty.

Thus T . is invertible and TZj = TZ;l. Similarly, one can show that Tzil = TZ:I'

From this it is easy to see that TZ_:TZi1 is the bounded inverse of the Toeplitz
operator Tz (see also Weiss [77], page 25).

3. = 2. Suppose that u is an equalizing vector for the matrix-valued function Z.
Since Zu € Hs- we have that

Tyu=PyZu=0

which means that the Toeplitz operator Tz is not injective, and so Ty is not
invertible.

2. = 1. Since det Z(s) # 0 for all s € Cyp U {oo}, we have from Theorem 3.2 that
the matrix-valued function Z admits a factorization relative to the imaginary axis
in W. Let this factorization be given as

Z=27_DZ,, (3.11)

where Z, € GA, Z_ € GA~, and D a diagonal matrix function of the form (3.2)
(see Definition 3.1). It remains to prove that this standard factorization leeds
to a J-spectral factorization. First we show that this factorization is canonical.
Suppose that the factorization (3.11) is not canonical, then there exists a k; # 0.
Since k1 > k;, we have that ky # 0. Let u € Hy be such that
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where s_ 1 € C_. This is possible because Z € GAC H., and (57;7 - Ve Hy.
We have that 7

( 1 )k:l
S—S8—_1
s—s F s—5 o 0
DZiu = disg [(7-1) (7—”) ] |
§—S41 S—S4+n
0
1 k1
(=)
0
0

where sy 1 € C, which means that DZ,u € Hs . Since Z~ € GA C Hy,, we
have that Z_DZ,u € Hy. Since Z = Z_DZ, this shows that u is an equalizing
vector for Z. This is in contradiction with our assumption, and thus we conclude
that the factorization (3.11) is canonical. Hence we have

Z_ Zy=72=7"=777Z". (3.12)
We rewrite (3.12) as
(Z) ' Z_ =272 (3.13)

The left-hand side is an element of A~ and the right-hand side is an element of A.
Thus, from Proposition 2.16, it follows that ZfZ;l is a constant matrix, which we
denote by C. The equation (3.13) shows that C' = C*. Since C' = ZfZ;l, Z~ and
Z;l are invertible, we have that det(C') # 0. Thus there exists an unitary matrix
U such that

c=U"JU.

Using once again (3.13) we get that Z_ = ZYU~JU, and thus
Z=277U0U"JUZ,.

From the above equality we see that V' = U Z, is a J-spectral factor for the matrix-
valued function Z. ™

Remark 3.10

1. As a consequence of Theorem 3.9 we have the following equivalence: A matrix-
valued function Z € W admits a J-spectral factorization if and only if Z
admits a canonical factorization and Z = Z~.

2. The equalizing vectors of a matriz-valued function Z € W are elements in
the kernel of the Toeplitz operator with symbol Z .
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Remark 3.11 We make some remarks in order to show the connection between
the result of Theorem 3.9 and the results presented in Gohberg et al. [30].

1. Let G € W™ What we have defined as the Toeplitz operator with symbol
G, is in Gohberg et al. [30] defined as the Wiener-Hopf operator with symbol
G.

2. A linear operator T : X — Y, acting between the complexr Banach spaces
X and Y, is called a Fredholm operator if its range ImT s closed, and the
numbers

n(T) :=dimKerT and d(T) := dim(Y/ImT)

are finite. In this case ind(T') := n(T) — d(T) is called the index of the
operator T. The condition det Z(s) # 0 for all s € Co U {oo} is equivalent to

the fact that the Toeplitz operator with symbol Z is a Fredholm operator (see
Gohberyg et al. [30], Theorem XXX.10.2).

3. The equivalence between the existence of a canonical factorization (k1 = ... =
kn, = 0) and item 3. can be seen as a consequence of Theorem XXX.10.1,
Gohberg et al. [30].

4. Since Z = Z~, we have that Tz, the Toeplitz operator with symbol Z, is
selfadjoint and dim(Ker Tz) = dim(Y/ImT%). Moreover, dim(KerTz) can be
described in terms of partial indices of the factorization (see Gohberg et al.
[30], Theorem XXX.10.2).

The above characterizations are completely in frequency domain. In the follow-
ing section we add time-domain characterizations. We prove that the existence of
a J-spectral factorization is equivalent with the existence of a stabilizing solution
of an algebraic Riccati equation. We show this for exponentially stable Pritchard-
Salamon systems.

3.2 J-spectral factorization for Pritchard-Salamon
systems

Before we define the Popov function we need to introduce the concepts of admissible
weighting operator and Popov triple.

Definition 3.12 Let V and W be complex separable Hilbert spaces with W — V'
and let T(-) be a Cy-semigroup on V which restricts to a Co-semigroup on W. An
operator Q = Q* € L(W) is said to be an admissible weighting operator for T(-)
with respect to (W, V'), if for some t > 0, there exists an M > 0 such that for every
x,y €W

/0 QT (), T(t)yhwdt < Mlz]lv v (3.15)

and @Q 1is an admissible output operator for T(-) with respect to (W, V).
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Notice that the definition of an admissible weighting operator is independent
of t (see Curtain et al. [17]).

We give the definition for the concept of Popov triple associated to a Pritchard-
Salamon system as in Weiss [77] (see Definition 4.1 page 65).

Definition 3.13 Let V, W be complex separable Hilbert spaces. The PS(Pritchard-
Salamon)-Popov triple on (W — V,C™) is defined to be a triple of the form

_ _| @ N¥
5 = (T(), B, M = [ Q M (3.16)
satisfying the assumptions:

1. T(-) is a Cy-semigroup on 'V and T(-) restricts to a Cy-semigroup on W;

B € L(C™,V) is an admissible input operator for T'(-) with respect to (W,V);

R — R* c (CmX'm;.

e

N € L(W,C™) is an admissible output operator for T(-) with respect to
W, V);

5. Q=Q* € LIW) is an admissible weighting operator for T(-) with respect to
(W.V).

A PS-Popov triple will be called smooth if condition (2.20) is satisfied. A PS-Popov
triple will be called regular if the operator R is boundedly invertible.

We introduce the Popov function associated to a PS-Popov triple (see also Weiss
[78]).

Definition 3.14 Let ¥ = (T(-), B, M) be a PS-Popov triple. The Popov function
associated with Y is a function associating to every s € Co N p(AY) the following
operator

Mx(s) ;== R+ N(s— AV)" !B+ (N(s — AV)"'B)*
G an 1B Qs - AV) B, (3.17)

where (s — AV)—lB*W denotes the adjoint of (s—AY) ™1 B not taken as an operator
in L(C™, V), but in L(C™,W).

A simple property of the Popov function is that, if 7'(+) is an exponentially stable
semigroup on V and W, then the relation (3.17) holds for every real w and defines
a function in L., (C™*™). Indeed, in this case (jw — AV)"'B € Lo(L(C™ W))
(see Lemma 2.12 in Curtain et al. [17] or Remark 4.7.d in Weiss [77]).

It is easy to verify that, for R = D*JD, we have

G~ (s)Jr, k_G(s) =1Ig(s), for all s € Cy, (3.18)
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where ki + k_— = n, and X is the Popov triple and G is the transfer function
associated to the Pritchard-Salamon system (3.16). We recall that the transfer
function of an exponentially stable Pritchard-Salamon system is in the class A (see
Lemma 2.48).

For the Pritchard-Salamon class an equivalent condition for the existence of
the J-spectral factorization in terms of Riccati equations is added to our three
conditions. We give first the definitions of the Riccati equations and their stabilizing
solutions.

Definition 3.15 Let X = (T'(-), B, M) be a smooth regular PS-Popov triple. The
Riccati equation associated with Y is the following equation in the unknown X =
X*eL(V)

<(AV - BR?lN)vayh/ + <X’l‘, (AV - BRilNy»V
—(XBR'B*Xz,y)v + ((Q = N*"R™'N)z,y)w =0 (3.19)
for x,y € D(AV).

Definition 3.16 If there exists a self-adjoint X € L(V) satisfying the Riccati
equation (83.19) such that Tppe(-) is an exponentially stable semigroup on V which
restricts to an exponentially stable semigroup on W, where

F°=—-RYB*X + N),

then X is called a stabilizing solution of the Riccati equation associated with X.
The admissible feedback F'¢ will be called a stabilizing Riccati feedback.

We have the following theorem giving equivalent conditions for the existence of
a J-spectral factorization for an exponentially stable Pritchard-Salamon system.

Theorem 3.17 We consider an exponentially stable Pritchard-Salamon system
with finite-dimensional input and output spaces, and let Iy, be its associated Popov
function. Suppose that detIlx(s) # 0 for all s € Cy U {oc}. Then the following
statements are equivalent

1. The Popov function Ils; has a Jp,—k_ 1 -spectral factorization;
2. The Popov function Iy has no equalizing vectors;
3. The Toeplitz operator Ty is boundedly invertible.
4. There exists an invertible matrix Vi, such that
D* T k- D =Vidmk_k_ Voo, (3.20)
and the Riccati equation associated with the PS-Popov triple

c¢*Jc C*JD

Y= (T()aBa D*JC D*JD )7 (J = Jk+,k,)

(3.21)

has a stabilizing solution P.
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In this case, a J-spectral factor for the Popov function is given by
V(s) = Voo + L(sI — AV)™'B,
where L = —JV_*(D*JC + B*P), and V* is the inverse of VX .

The equivalence between the first three items is a consequence of Theorem 3.9.
For the equivalence between the items 1. and 4. see the proof of the Theorem 5.2
in Weiss [77]. Note that this equivalence also holds for infinite-dimensional input
and output spaces.

3.3 An algorithm for computing the J-spectral fac-
tor

In this section we provide an algorithm for computing the J-spectral factor for the
decomposing Banach algebra W.

Let us denote by P the projection of W onto A parallel to Ag and we set
@ = I — P. The following result gives equivalent conditions for the existence of a
canonical factorization for C' € W.

Theorem 3.18 Let C € W. The following statements are equivalent:

1. The element C =1 — A admits a canonical factorization

C=C_C,.

2. Each of the equations
X—-P(AX) = 1
Y-QYA) =1
is solvable in W
3. For any pair of elements F,G € W each of the equations
X-P(AX) = F
Y-QYA4) = G
s uniquely solvable in W.

Proof: The complete proof can be found in Clancey and Gohberg [13], page 35-37.
From this proof we present in detail the implication 2. = 1. Note that by 3. we
have that the equations in 2. are uniquely solvable.

Let the elements X, and Y, be solutions to the equations

X-P(AX) = I (3.22)
Y-Q(YA) = I (3.23)
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Defining

U=X,—TandV =Y, —1I, (3.24)
we obtain the following relations for U and V'

U+I-PAU+I) = 1

V+I-Q((V+DA) = 1.

Thus U € A and V € Aj. If we define U_ by U_ = —Q (AX,) € Ay, and V. by
Vi =—-P(Y,A) € A, then we have

CX, = 1+U_
Y,C = I+V,,
since
CX,—I = (I-A)X,—-I1=X,-AX,-1
(3.22)

= Xafp(AXa)*IfQ(AXa)
Y, C—1 = Y,(I-A) —I=Y,—Y,A-1

— Y, - Q(YaA) — T P(v,A) 2 _pv,A).

Q(AX,)

Thus the following equalities hold
Y.CX, =Y, (I+U-)=I+V}) X,
So, replacing Y, and X, from (3.24) in the last two expressions, we get
YiCX,=I+V)I+U_)=T+Vy)(I+TU). (3.25)
Keeping only the second equality, we see that this is equivalent to
V+U_+VU_ =V, +U+V,U.

Since U,V, € A and V,U_ € AF, this implies that V 4+ U_ + VU_ € Af and
Vi+U+ VU € A. Using the fact that W is a decomposing Banach algebra we
get

V+U_+VU- = 0
Vi+U+ VU = 0,
which are the same as
I+V)I+U-) = 1 (3.26)
I+Vy)(I+U) = 1 (3.27)

In particular det(I 4+ V') and det(I + U) are nonzero, which show that I +V and
I + U are invertible. Moreover, we have that

I+vV)y' = I1+U_ (3.28)
I+u0)"' = I+Vv,. (3.29)
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Using (3.25) or (3.26) we obtain
Y.CX, =1
Replacing Y, and X, we have from (3.24) that
(I+V)C(I+U)=1.
Finally, using (3.28) and (3.29) we conclude that
C=I+V) " (I+0)" =(T+U)(I+V;) =Y, "X,

where U,VJFGAandV,U,EAG. [ |

Remark 3.19 We have the following relations between the elements defined in the
proof of Theorem 3.18

X, = I+U=(1I+Vy) "
Y, = I+V=>1I+U)"
c. = Y(;l
cy = X,
We also have that
AX, = P(AXa) +Q(AX0,)
U-U_
and
Y, A=V -V,.

As a corollary of the previous theorem, sufficient conditions for the existence of
a canonical factorization can be given.

Corollary 3.20 If an element C € GW satisfies
11—l <min {1217 @~} (3.30)

where || P||, and ||Q|| denote the operator norm of the projections P and Q, respec-
tively, then C' admits a canonical factorization. Moreover, whenever the inequality
(3.30) holds, the factors Cx in the canonical factorization C = C_Cy of C' may
be chosen as Cy = X;l, where the X1 is the solution of the equation

QX)+P(CCX)=1 (3.31)
and C_ = Yfl, where Y7 is the solution of

P(Y)+Q(VC) =1. (3.32)
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Proof: Let us consider the following operators defined on the decomposing Banach
algebra W

Te(X) = P(CX)+Q(X),
Ro(Y) = PY)+QIY(C).
We see that
Te(X) = PCX)—-PX)+X=X-P((I-0)X),

Ro(Y) = Y=-Q¥)+QYC)=Y -QY(I-C0C)).

From Theorem 3.18, we have that the element C' admits a canonical factorization
if and only if both T and R¢ are invertible operators on W. Using (3.30), we
obtain that

I =Tcll = |PIIIF-Cl <1,
Il = Rell = [QIIT-Cl <1.
Thus Te and Re are invertible operators on W and, consequently, C' admits a
canonical factorization C' = C_C4. From Remark 3.19 it follows that the factors
C+ may be chosen as Cy = XI_1 and C_ = Y[_l, where X7 and Y7 are the solutions
of the equations
X-PCX) = 1,
Y-QYC) = I,

These solutions coincide with X; and Y7 being the solutions of the equations (3.31)
and (3.32), respectively. ]

Remark 3.21 If we look more closely at the relations (3.31) and (3.32), then one
can observe that

1. The equation (3.31) is nothing other that Q(X) = I — P(CX). This is
equivalent to the equations

{ QX) =0
P(CX) =1.

The first equation means that X € A, and the second equation that I —CX €
A~

2. The equation (3.32) is nothing other that Q(YC) =1 — P(Y'). This is equiv-
alent to the equations
{ QYC) =0

PY) =1

The first equation means that Y C € A, and the second equation that Y —1I €
Af .
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Before presenting an algorithm for constructing the J-spectral factor we need
to state the following lemma.

Lemma 3.22 Let Cy € GA and R a rational matriz-valued function that is in-
vertible over RLOO.A There exist matriz-valued functions Ry that is invertible over
RL and By € GA such that

C.R=RB,. (3.33)

Proof: The proof is a constructive one. Let ¢ be a polynomial which has as zeroes
the roots of all the denominators of R with positive real part and the corresponding
multiplicities, and let p be a polynomial of the same degree as ¢ only having zeroes
with the negative real part. Consequently, we can write

R="R,,
q

where % is a scalar and R € A. We have that CiR, € A and it has a nonzero

determinant over the imaginary axis including infinity. Since C'y € GA, there are
only a finite number s1, s, ..., 8, of zeros of det(C4(s)R4(s)) in the right half-
plane, counted with respect to multiplicity. In fact they are the unstable zeroes of
det(R4(s)). Let

l

l2

ln
be a representation of Cy Ry in terms of row vectors. The vectors l1(s1), l2(s1),

.ty In(s1) are linearly dependent. Thus there exist some aq, ao, ... @, not all zero
(let assume for example that a, # 0) such that

04111(81) + 04212(51) + ...+ Oénln(sl) =0.
We make the following notation

S+ s1
S — 81

I(s) =

[a1l1(8) + ... + anln(s)].

We have that
Iy

C+ R+ = E1 l; s
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where E; € RL is the following one

1 0. . 0 .. 0
0 1 0o . . 0
0
o 5—=351 __Qn
R
o0 . 0 1]

We see that F4 is invertible over RL... The matrix

L

In

belongs to A and its determinant has only the zeros so, ...,s, in the open right
half-plane. Continuing in this manner we obtain that

C Ry =F\E,..E,B,.

We note that B € A. By construction, the right half-plane zeros of the functions
det(C4(s)R4(s)) and det(E1(s)Ea(s)...E,(s)) are the same. From the last equality
we conclude that det B4 (s) has no zeros in the right half-plane. Moreover, B (s)
is given by

By = (E\F,..E,)"'C, R,

so, from Proposition 2.20 we can conclude that By € GA. Finally, we have that
CiR=R1By,

where
Ry = gElEg...En. (3.34)
|

In the following we will present an algorithm for computing the J-spectral factor
for a matrix-valued function Z € W, provided it exists.

Let Z = Z~ € W be invertible over W.

Step 1. We can write
Z =CR (3.35)



52 Chapter 3. J-spectral factorization

for any nonsingular R € RL.,, where
C=I1-(R-Z)R™" (3.36)

Due to the fact that W is an R-algebra, there exists a rational matrix-valued
function R invertible over RL ., such that

IR=Z|| < e,
IR < 127 + e

Thus we can choose R such that

(R = Z)R™ oo < min{||[P[%, [|Q] "}

Step 2. Using Corollary 3.20, there exists the canonical factorization
C=I1-(R-Z)R"'=C_C,. (3.38)

This factorization can be obtained solving the following two operator equations for
X and Y

QX)+P(CX) = I (3.39)
PY)+QYC) = 1. (3.40)
If we name the solutions X; and Y7, respectively, we have that
c. = Y,
cy = XN (3.41)

Step 3. As in Lemma 3.22 we can write
C_CiR=C_R1By,
where Ry € RL. and B, € GA. Note that Ry and B, can be obtained in a

constructive manner.

Step 4. Since det Ry(s) # 0 on the imaginary axis (see (3.34) for the definition of
Ry), from Theorem 3.2 we can conclude that there exists a standard factorization

Ry =R_DR.,
where R_ € A~ and R, € A. We have now that
Z == C_R_DR+B+.

Step 5. Since we know that there exist a J-spectral factorization of the matrix-
valued function Z € W it follows that Z has no equalizing vectors, so D is the
identity (see Theorem 3.9 and its proof).

Z=7_7,,
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where

Z. = C.R_ (3.42)
Z, = R,B.,. (3.43)

Step 6. We write
z~zt=U~JU.

This is possible because we have
Z Zy=Z=7Z"=277Z",
which can be rewritten as
(z7) 'z =277 (3.44)

The left-hand side is an element of A~ and the right-hand side is an element of A.
Thus ZfZ;l is a constant matrix, which we denote by M. The equation (3.44)
shows M = M*. Since Z~ and Z, ' are invertible, det(M) # 0. Thus there exists
an unitary matrix U such that

M=U"~JU. (3.45)
Step 7. We obtained the J-spectral factorization
Z =V~JV, (3.46)

where
V - UZ+

This can be shown as follows. Using once again (3.44) we get that Z_ = Z7yU~JU,
and thus Z = ZyU~JUZ, . The choice V = UZ, is the right one for the J-spectral
factor of the matrix-valued function Z.

We summarize now the steps described before in the following algorithm.

Algorithm 3.23 The following seven steps describe a procedure how to obtain the
J-spectral factor for a matriz-valued function Z € GW provided such a factor
exists.

Step 1. Write Z = CR with R an matriz-valued function invertible over RLs,
such that
(R~ Z)R™ oo < min{||P|~, |QII7"}-

Step 2. Solve the equation (3.39) and (3.40), and write
Z=C_CiR

where C_ and C4 are given by (5.41).
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Step 3. Z = C_Ry B (see Lemma 3.22).
Step 4. 7 = C_R_DR+B+.

Step 5. If that a Z has no equalizing vectors then admits a J-spectral factorization.
We write
Z=7_Zy,

where Z_ and Z, are given by (3.42) and (3.43) respectively.

Step 6. Factorize the constant matrix ZZZ;l:

~rz—1 ~
7777 = U U

Step 7. Write the J-spectral factorization
Z=V~JV,

where
V - UZ+ - UR+B+.

From Theorem 3.4 we have the form of all J-spectral factors, provided that a J-
spectral factorization exists.



Chapter 4

Nehari problems and
equalizing vectors

Introduction

The Nehari problem is naturally formulated in the frequency-domain: given a
matrix-valued function G € L., find the distance from G to the stable matrix-
valued functions. The problem of finding K that achieves the minimum distance
is called the Nehari extension problem. In this chapter we consider the Nehari
extension problem together with a special version of this problem, known as the
sub-optimal Nehari extension problem. This is: given a matrix-valued function
G € Lo and a o > 0, find (if it exists) a stable K such that

|G 4+ Klloo = ess sup ||G(s) + K(s)]| < o.
s€Co

For a class of infinite-dimensional systems we obtain an elementary frequency-
domain solution for the sub-optimal Nehari extension problem. The approach is via
J-spectral factorization, and it uses the concept of an equalizing vector introduced
in the previous chapter. The connection between the equalizing vectors and the
Nehari extension problem is given.

These problems have received wide attention in the mathematical systems and
control literature (see Adamjan et al. [2], Ball and Halton [6], Curtain and Ran [19],
Curtain and Zwart [22], Foias and Tannenbaum [26], Green et al. [33], Ran [59],
Sasane and Curtain [65], [67]). Several control problems can be reduced to a Nehari
problem (see e.g. Curtain and Zwart [23], chapter 9). In Curtain and Green [15],
the sub-optimal Nehari extension problem is used, in an essential way, for solving
the standard H,, sub-optimal control problem for a class of infinite-dimensional
systems. For the solution of the Nehari extension problem, the authors of [15] refer
to the abstract results in Ball and Helton [5], [6]. If one looks in the papers [5], [6],
the result stated in [15] is not an obvious corollary of the abstract results presented
by Ball and Helton. This motivated our investigation.

95
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For the Wiener class of infinite-dimensional systems we give a direct frequency-
domain solution for the sub-optimal Nehari extension problem. The approach is
via J-spectral factorization, and uses results presented in Chapter 2. Via a simple
proof, we show that the sub-optimal Nehari extension problem is solvable if and
only if a certain J-spectral factorization exists. The simple proof is based on the
concept of equalizing vectors, as defined in Chapter 3. This concept was introduced,
for finite-dimensional systems, by Meinsma [50].

In the first section of this chapter some preliminary results are presented. The
sub-optimal Nehari extension problem is solved in the sesond section. The connec-
tion between the equalizing vectors and the Nehari extension problem is provided
in the third section of this chapter. An expression in terms of a state space repre-
sentation for Pritchard-Salamon systems is given in the last section.

4.1 Preliminaries

In this section we prove some useful lemmas.
Using Corollary 2.21, a similar result as in Lemma 2.10 can be stated for the Wiener
algebra.

Lemma 4.1 Let Pa1, Pas, Q1 and Q2 be stable (€ /l) matriz-valued functions of
appropriate dimensions. Suppose that Py and Q2 are invertible in Lo, and that
the inequalities

10:1Qz 2. < 1,

1Pg' Polle. < 1,

are satisfied. Then the following two statements are equivalent
1. Pys and Q)5 are bistable;
2. P21Q1 + PQQQQ is bistable.

It is important to note that in the following lemma J, ,, n. and Jy, . have
the same number (n.) of negative eigenvalues.

Lemma 4.2 Let P € L((QWJF"Z)X(%JF”Z) , and suppose that
P(8)Jynyn. P(s) = Inyn. (4.1)
almost everywhere on the imaginary axis. Consider the equality
X, Py P Q1
= 4.2
{Xg] [P21 Py || @ (42)

with X, € H: ¥, Qy € HW ™, Qy € HI", Py € H ™, Py € HIZ*".
Then the following two conditions are equivalent



4.1. Preliminaries 57

1. X5 is bistable and HXngluL <7,
2. Py and Qs are bistable and ||Q1Q5 || m.. < 1.

Proof: We will prove this lemma in three steps. We make use of Lemma 2.5,
which states that a matrix-valued function F' € L, is invertible in L, if and only
if F~F > el almost everywhere on the imaginary axis for some strictly positive €.

Step 1. First we prove that the following two statements are equivalent
a. Xo is bistable and || X1 X, | .. <7
b. Py1Q1 + P22Q)> is bistable, Q) is invertible in Lo, and HQnglﬂLoo <1

From the equality (4.2) we see that

Xo = Po1Q1 + P22Q2,

which means that bistability of X5 is the same as the bistability of Py Q1 + P22Qs.
Moreover, we have the following sequence of equivalences

X1 X5 e <7 & (X)X Xyl -9l < —el <0
almost everywhere on the imaginary axis,
for some € > 0
& XX, =2 X5 Xe < =61 <0
almost everywhere on the imaginary axis,
for some 6 > 0
ol ol

almost everywhere on the imaginary axis,

}<5I<0

for some 6 > 0

@241 [ Q11" Q1
<~ J < —=0I<0
| Q2 | [ Q2 ]

almost everywhere on the imaginary axis,

for some 6 > 0

& QY1 —Q5Q2 < =01 <0
almost everywhere on the imaginary axis,
for some 6 > 0

& ()2 is invertible over L., and

19192 .. <1.

Step 2. We show that

a. P»o is invertible over L., and
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b. [Py Pollr. <1

From the relation (4.1) we have that almost everywhere on the imaginary axis
the following equality holds

P3Py — Py Pyy = —1,
which implies that
PPy > al

almost everywhere on the imaginary axis, for some o < =5. Applying now Lemma
2.5, we conclude that Pss is invertible over L... So, the ﬁrst statement is estab-
lished.

In order to prove the second statement, we consider the input-output equality
determined by the plant P

| _ | Pun P Uy
Yo Py Py uy |’

with y1, yo, u1, us € La(Cp). Using relation (4.1), we have

| atio)l? = 1)

lyill3 — 72 l2ll3

_ / ()91 () — 72 () o () do
anan

- /OO _ Z; }NPNJVP{Z; ])dw

- L] L]

| (aGo)lP = fuat) Py

[l = fluz3-

For any u; € La(Cyp), we define
U9 = —P2;1P21U1.

Note that since Pao is invertible over Lo, we have that us € Lo(Cy). For this
choice of uy the output ys is

Yo = Poruy + Py = Pajug — Pog Pyy' Poyuy = 0,

and
lyall3 = llyall3 = Y lly2ll3 = lluall3 — || P’ Porusl3-
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This implies that
|| Pay' Porua |3

<1.
[lua |13

Since this holds for all u; € Lo(Cp), we conclude that the second assertion holds.

Step 3. Now, we prove the equivalence between

1. X5 is bistable and HX1X2_1HLOQ <7

2. Py and Qo are bistable and ||Q1Q51HH& < 1.

Since the results in Step 2 hold, we can use Lemma 4.1 to see that the following
two conditions are equivalent

a. Py1Q1 + Pyy(Qs bistable, Q5 is invertible in L., and ||Q1Q2_1HLOC <1,
b. Py and Qs are bistable and [|Q1Q5 || #.. < 1.
Combining this equivalence with the equivalence proved in Step 1, we have com-

pleted the proof. [

Remark 4.3 The rational case for Lemma 4.1 and Lemma 4.2 were proved in
Vidyasagar [74] (pp. 274-275) and Green et al. [33], respectively. The proof
presented here follows the lines of a similar result obtained for P € Hy, by Meinsma
and Zwart [51] (see Lemma 6.1 and Theorem 6.2).

Using Lemma 2.23 and Lemma 4.1 we can state a similar result for the decom-
posing Banach algebra W.

Lemma 4.4 Let P € Wwtn=)x(ny+n2) —onq suppose that
P~ (8) Jynyn.P(5) = Jn, n., for all s € Co. (4.3)
Consider the equality
X Py Pis Q1
= 4.4
{Xg] [P21 PQQHQQ} (44)

with Xy € A"X": Q1 € AwXn= Qq € An=Xnz Py € An=Xny | Ppy € An=Xnz,
Then the following two conditions are equivalent

1. X5 is bistable and HX1X2_1HLOO <y
2. Pyo and Qo are bistable and HQIQQ_lHHoo <1

A transposed version of Lemma 4.2 can be easily stated.
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Lemma 4.5 Let M € LS.Zy*”z)X("‘”*"” with ny = Ny, and suppose that

M(8)Jymy n. M™(8) = Jn, n., for almost all s € Cy. (4.5)
Consider the equality
My1 Mo
H Hy |=|U U 4.6
[ 1 2] [1 2][M21 M22] (4.6)

with Hy € Hi: ™, Hy € Hiz*™, Uy € H ™™, Uy € His*"=, My € Hi ™™,
and Moy € H22*"=. Then the following two conditions are equivalent

1. Hy is bistable and HH;lHl < 7.

..

2. Mas and Uy are bistable and HU2_1U1 < 1.

..
Proof: Taking the transpose in the relations (4.5) and (4.6), we obtain (4.1) and

(4.2) where P = M7, ﬁ; ] ~[H Hy ], [ g; } = [ Ui U ]". Using

Lemma 2.9, we have the following equivalent statements

Hy is bistable and |Hy 'Hy|,, <~ &

Iz,
1] is bistable and || (Hy ' H) ||| <q e

HI is bistable andHHlT (HQT)_lHH <7v &

X5 is bistable and ||X1XQIH <. (4.7)

Heoo
Similarly, it follows that

Moo and Us are bistable and HU2_1U1 <l&e

[
& Poo and Qo are bistable and HQlQQIHHm < 1. (4.8)

Now using Lemma 4.4 toghether with (4.7) and (4.8) we have proved the equivalence
between 1. and 2. ™

A similar result holds also for M € W.

The Nehari problem admits an elegant solution in terms of the Hankel operator
of a matrix-valued function G. It is well known that L% is the direct sum of Hj and
H} L with respect to the usual inner product. We introduce the frequency-domain
Hankel operator with symbol G € LEX™  defined by

Hg: Hy — Hi , Hgu =T1_Gu for u € Hy. (4.9)
Its adjoint is
H} : Hf — Hy, Hiv =11,G v for v € Hi-. (4.10)
Here I, and I1_ are the orthogonal projection from Ly to Ho and Hj-, respectively
(see [27]).
As in Curtain and Zwart [23] (see Lemma 8.1.7, page 390), the following lemma
gives sufficient conditions for the Hankel operator to be compact.
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Lemma 4.6 If G = Gy + G2, where G1 € Hy and G2 € L is continuous on the
imaginary axis with zero limit at infinity, then the Hankel operator with symbol G
18 compact.

If the Hankel operator with symbol G € LEX™ is compact, then we denote
the singular values of Hg (that is, the nonnegative square roots of the eigenvalues
of H5Hg), by 01 > 02 > ... (> 0). The oy’s are than referred to as the Hankel
singular values of G. We remark that the Hankel operator with symbol G € Whxm
is compact (see the above lemma or Lemma 8.2.4. and Lemma 8.2.6. in Curtain
and Zwart [23]).

4.2 The sub-optimal Nehari extension problem

Using the fact that the sub-optimal Nehari extension problem is trivial for stable
matrix-valued functions, we can restrict this problem, without loss of generality, to
antistable matrix-valued functions. The following theorem is our main result. The
finite dimensional version of this theorem is equivalent to a result of Kimura [44],
Theorem 7.4, published earlier by Green et al. in [33].

Theorem 4.7 Let G be a matriz-valued function such that G~ € ARXmand o a
positive real number. The following statements are equivalent:

1. ||Hgl| < o.

2. There exists K (s) € A¥*™ such that

G+ Ko <o (4.11)

3. There exists a J-spectral factor A(s) € Ak+tm)x(k+m) gy

Wis) = [ G£k(s) I?n ] [ o fU(Q)Im } { o C;S) } (4.12)

with A7 (s) € AF<k

Furthermore, all solutions for the sub-optimal Nehari extension problem are parametrized

by
K(S) = Xl(S)XQ(S)_l,

where { i)
)

(s }A(s)l[ I(S) ] (4.13)

m

with Q(s) € A [Q]loe < 1.

Remark 4.8 The equivalence between the first two items is well-known (see for
example Theorem 8.3.9 in Curtain and Zwart [23]). We will present only the proof
of the equivalence between the items 2. and 3.
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In third statement of Theorem 4.7 we get an extra condition for the J-spectral
factor, namely Aj;' is a stable matrix-valued function. The following lemma proves
that this property is invariant with respect to the J-spectral factors.

Lemma 4.9 Let W be given as in (4.12), and suppose that X is a J-spectral factor
for W such that X1_11 is a stable matriz-valued function. If Y is another J-spectral
factor for Z, then we have that Yﬁl s also a stable matriz-valued function.

Proof: Since X is a J-spectral factor for W given in (4.12), we have that
X~(s)JX(s) = W(s)
on the imaginary axis. This means that also the equality
XT1(s)X11(s) — X31(s) X (s) = 1

holds on the imaginary axis. Together with the fact that X and X 1_11 are stable,
this implies that
[ X1 X171 < 1.

Let Q@ = Y (s)X(s)~!. From Theorem 3.4, we see that @ is a constant matrix
satisfying
QIQ=1J
and so
Q '=Jt'Q*J and QJIQ* = J L.

The (1, 1) block of the last equality yields
QuQT — Q2Q7, =1,
or equivalently
Q1 1x]? = |Q72? = [|=]|?
for x € CF. So det Q%; # 0 and
lyll* = 1(Q1) I = Q12(@Q11) 'yl

for y € C*. Thus
1Q12(Q1) ' < 1.

Since ||R|| = || R*||, we have that

Q1 @izl < 1.

From the last inequality and the fact that || X2 X;,'||m.. < 1, we obtain that

10 QraXo1 X1t | o, < 1.
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Since QilngXngfll is stable, from Lemma 2.8 we have that I+ QfllngXngil
is bistable, and so

Yii = QuXii+Qu2Xn
Qul + Q' QX X 1) X1

is bistable. ]

Before we give the proof of the main theorem we prove a result which provides
the existence of a J-spectral factorization.

Theorem 4.10 Let G € W™ be a matriz-valued function of a complex variable
such that G~ € A™** and o a positive real number which satisfies o111 < 0 < 0y
or o1 < 0. Then there exists a (k +m) x (k + m)-matriz-valued function A € A
such that W (s), defined by

W(s) = { Iok GIS) TJUVW { Iy Gls) } : (4.14)

has the Ji m-spectral factorization
W(s) = A(8)™ Je,mA(s). (4.15)

Moreover, if G is strictly proper, then A can be chosen such that

lim A(s) = [ s U?m } . (4.16)

|s|— o0

SEE
Proof: Tt is easy to see that W(s) = W™ (s), and det W(s) # 0 for all s €
CoU{oo}. In order to prove that the matrix-valued function W (s) has a J-spectral
factorization, it is enough to show that W (s) has no equalizing vectors, see Theorem
3.9.

Let u be an equalizing vector for the matrix-valued function W(s). It means

that B}
U1

1
o | € Hy-. (4.17)

uz[ul } € Hy, u+#0, Wu:[
U

So, we have that
V1 o o Ik 0 Ik 0 _Ik G (5%
IR A

Ik G (5%
G~ GG -o%l, uy |’

which is equivalent to

up + Gug = vy,
GNU1 + GNGUQ — 0'211,2 = V2.
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In the first equality we split Gug using the projections II_ and II;. We obtain that

{ ur + H+GU2 =uv — II_Gus,

G~ (u1 + Guz) — 0?ug = va. (4.18)

From (4.17) and the definition of the projection operators we have that the left-
hand side of the first equality lies in Ho, whereas the right-hand side lies in Hs-.
This implies that

up + 114+ Gug = 0 and vy — I[I_Guy = 0. (4.19)

Using the first equality in (4.19) we replace uy in the second equality of (4.18) and
split the term G™II_Gus according to the projections. We have that

G T_Guy — c%us =vs < II_G~1I_Gus + I, GTI_Gug — o2us = g
< I GTI_Guy — Uy = vy — II_G~II_Gus.

Using similar arguments as before we have that
I, G™T_Guy — 0%uy = 0, (4.20)

which is equivalent to (HiHg — U2Im)u2 = 0. Since o is not a singular value of
the Hankel operator, we obtain that us must be zero. From (4.19) we see that
also uy must be zero, so u = 0. We conclude that the matrix-valued function W
has no equalizing vectors, which by Theorem 3.9 implies that W has a J-spectral
factorization (4.15).

If G is a strictly proper matrix-valued function we see that the limit of W at
+joo is the matrix Js ,m. Consequently, it is easy to check that if there exists a
J-spectral factor Ag with the limit Ao, at +joo, then A defined by

M= T ] As )

is clearly a J-spectral factor with the limit % U? } at £jo00. From the prop-
m
erties of the Wiener algebras we see that (4.16) holds. ]

Remark 4.11 The previous result can be reformulated as follows: If o > 0 belongs
to the resolvent set of the Hankel operator with symbol G, then the matriz-valued
function W has a J-spectral factorization.

We the above results we can now prove Theorem 4.7.

Proof: 2. = 3. : From Theorem 4.10 we have that the matrix-valued function W
has a J-spectral factorization (4.15). Let A be a J-spectral factor. We prove that
A11(s)7! is a stable matrix-valued function. The following equality holds

o] - 8 S]50-[8 ¢t ]

[Pn P12][Q1}
Py Pa Q2 |’
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where
P P I G _
{P; Pﬂ - [0 I]Aland
Q1 L K
0] a6 am

with Po1, Pss, Q1 and Q)2 stable matrix-valued functions. Now, by the definition
of P, the following equality holds on the imaginary axis

P~ JopmP = (A1)~ [ é ? ] Jo,k,m [ é ? ]AI =J. (4.22)

Combining this with (4.11), we conclude from Lemma 4.4 with X; = G + K, and
Xo = I that Pso is bistable. Using matrix block manipulation, it can be checked
that Voo = Pyo and Afll =V 7V12P2721V21, where V' = A~!. Since all the elements
expressing A" are stable, we have that Aj}' is also stable.

Applying Lemma 4.4 once more, we obtain that ()2 is a bistable matrix-valued
function and [|Q1Q5" |l < 1. Multiplying the relation (4.21) to the left with A~
and to the right with Q5 ! we have that

EQy' | _ o[ @Q3!
[ Q5! =A 7 . (4.23)
Denoting X; = KQ5 ' and X, = Q, ', gives

X1 X, ' =KQy'Qy =K
and, using (4.23), X; and Xy satisfy (4.13), with Q = Q1Q5 ", which is stable.

3. = 2. : Suppose that there exists a J-spectral factor A for the matrix-valued
function W such that A;; is bistable. Let V denote A~'. Using matrix block
manipulation (see also Kailath [43]), it can be proved that

‘/22(8)_1 = AQQ(S) — Agl(S)AH(S)_lAlg(S).

Since Aga(s), Aa1(s), A11(s)~! and Aq2(s) are stable, also Vag(s) ™! is stable. So, we
conclude that Va9 is a bistable matrix-valued function. If we define Ky = V12V251,
then K| is stable. Furthermore, we have the following equality

G+Ko | | I G v 0 | P P2 0
I, L0 Iy Vol |7 | P Pao Vool |-
Since A is a J-spectral factor for W, Pay = Vag, Qo = Vip ' and ||Q1Q5 oo = 0 < 1,
we can apply Lemma 4.4, and we see that K is a solution for the sub-optimal

Nehari extension problem.
Consider K = X; X, ', where X; and Xy are given by (4.13). Using

)L 2[5 2%
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and the fact that A is a J-spectral factor for W, we have that
(G+EK)(G+K)— 0L, = X;7(Q7Q — In) X5 .

Thus |G + K||se < 0, 50, any K of the form K = XX, !, where X; and X, are
given by (4.13), is a solution for the sub-optimal Nehari extension problem. -

Remark 4.12 The matriz-valued function W (s), defined in (4.12) admits a J-
spectral factorization. We can construct a J-spectral factor using the procedure
described in the Algorithm 3.23. In order to solve the J-spectral factorization we
need to solve two equations involving projection operators. For systems which have
a state-space representation, an alternative to compute a J-spectral factor would be
to solve two Riccati equations, which, for infinite-dimensional systems, it is not an
easy task.

Before we state a corollary of the Theorem 4.10 we define the Schmidt pairs of
a compact operator.

Definition 4.13 Let T' € L(Z1, Z3) be a compact operator, where Zy and Zs are
two Hilbert spaces, and o; > 0 be the square roots of the eigenvalues of T*T. The
pairs (Ui, i), where ¥; and @; are the eigenvectors of T*T and TT™, respectively,
coresponding to o2, and satisfying T1; = o;p; are called the Schmidt pairs of T'.

Corollary 4.14 Letu = b

Junction W (s) defined in (4.12). The following assertions hold:

€ Hs be an equalizing vector for the matriz-valued

1. w has the following representation

_ [ *H;G“? } . (4.24)

2. uy s an eigenvector for the compact nonnegative operator Hf,Hg correspond-
ing to the eigenvalue o®. Moreover, us can be chosen to have norm one.

3. Ifv=Wué€ Hi, then

I R T Hgus
=0 [n e ] 4)

4. (u2, ) is a Schmidt pair corresponding to o, a nonzero singular value of the
Hankel operator with symbol G.
Proof: 1. Using (4.19), we see that u has the representation (4.24).

2. Let u = [ Zl ] € H, be an equalizing vector for the matrix-valued function
2

W (s), defined in (4.12). From (4.20), we see that us is an eigenvector for Hf Hg
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corresponding to the eigenvalue o2, and that, without loss of generality, us can be
choosen to have norm one.

3. We have that

o . Ik G _H+GU2 - HGUQ
v=Wu=| g~ GNG—wﬂLn}{ uz }[H_Gwﬂbug]'

4. From (4.25) we see that v; = Hgua, so
HGU2 = 0‘ﬂ
o

and using 2.
HGuQ

U1 1
H:\(—=)=H} = _H:H = .
G(O_) G( pu ) oG GU2 = 0U2

Corollary 4.15 If (¢,) is the Schmidt pair of the Hankel operator with symbol
G corresponding to a monzero singular value o, then

=7
is an equalizing vector for the matriz-valued function W (s) defined in (4.12), and
_ (0
IVUCI{H_GNw . (4.26)

Proof: Let (¢,¢) be the Schmidt pair of the Hankel operator with symbol G
corresponding to a nonzero singular value 0. We have the following sequence of
equalities:

I G -1, Go
Wu = i G{C\, GNG—UQI»m :| |: ;g :|
I ~I1,G¢+ G
| —GTIL.Gop+ GG — %
T I_Go

| GG — 0%
T II_Go

| T-G™I_Go + (I GG — 0°9)
T II_Go

| I_G -G + (HiHao — 029)
R | el

| ILG™I_G¢
| Heo
— _HGNHG(Z&}EHQL.
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This shows that w is an equalizing vector for the matrix-valued function W (s)
defined in (4.12). Since (¢, 1) is the Schmidt pair of the Hankel operator with
symbol G corresponding to the nonzero singular value o, we have that Hg¢ = o).
So, the relation (4.26) is satisfied. -

4.3 The Nehari extension problem and equalizing
vectors

The problem of finding K € HX*™ that achieve the minimum distance in

inf G+ Kl = | Hol
KEHOQX"L

is called the Nehari extension problem. The following theorems give connections
between the equalizing vectors and the solutions of the Nehari extension problem.

Theorem 4.16 Suppose that G € W™ Then any K, € HEX™ solving the
Nehari extension problem, that is, satisfying

IG + Kolloo = [[Hel (4.27)

also satisfies
(G + Ko)uz = Hgus, (4.28)

where ug s an eigenvector for the compact nonnegative operator Hf Hg corre-
sponding to the largest eigenvalue ||Hg||?. Moreover, G+ Kq has constant modulus
almost everywhere on the imaginary axis.

Proof: We have that the Hankel operator with symbol G is a compact operator
(see [23], Lemma 8.1.7), and the equality

[Hgual gy = |[Hellllual m, (4.29)

holds for us an eigenvector for the compact nonnegative operator Hj H¢ corre-
sponding to the largest eigenvalue || Hg||? (see [23], Lemma 8.1.12). The rest of the
proof follows from Theorem 8.1.11 in [23]. ]

The following theorem provides a connection between the equalizing vectors
and solutions of the Nehari extension problem.

Theorem 4.17 Let 0 = ||Hgl||. Suppose that G € W™ s a given matriz-

uy

valued function and that u = € Hs is an equalizing vector for the matriz-

valued function W (s), defined in (4.12). If there exists a solution Ko of the Nehari
extension problem, then on the imaginary axis it satisfies

K()’ZLQ = Uui. (430)
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Ui

Proof: Let u = € Hs be an equalizing vector for the matrix-valued

function W(s), defined in (4.12). By Corollary 4.14.2. we know that ug is an
eigenvector of H} H¢ corresponding to the eigenvalue || Hg||?. If Ky is a solution
for the Nehari extension problem, then by Theorem 4.16 it must satisfy

(G + Ko)uz = Hgua,

which is equivalent to

Ko’u,g = 7G’LL2 + HfGUQ
= —H+GU2
= u from (4.24)
So, the equality (5.30) holds. ]

Remark 4.18 From the relation (5.30) one can see that the equalizing vector is
fixing the solution of the Nehari extension problem in the direction of the eigenvector
corresponding to the largest singular value of the Hankel operator with symbol G.

If the symbol is a scalar function, an equalizing vector can be used to prove the
uniqueness of the solution for the Nehari extension problem.

Corollary 4.19 Consider the scalar transfer function g € W and let o = || H,||.

Uy

Suppose that u = { u € Hs is an equalizing vector for the matriz-valued function
2

W (s) defined in (4.12), corresponding to o. The solution ko of the Nehari extension
problem is unique and on the imaginary azis it is given by
u
ko = —. (4.31)
U2
Proof: Since us € Ha, it is zero, at most, on a set of measure zero (see [23],

Lemma A.6.20) of the imaginary axis. This means that we can divide the equality
(5.30) by uz and obtain (4.31). ]

Remark 4.20 The Nehari extension problem corresponding to every G € A~kxm
has a solution in Hu,. Let us denote it by K. If (Yn)nen 1S a decreasing sequence
with limit ||Heg|| and (Kp)nen 8 a corresponding sequence of solutions (can be
chosen rational) for the sub-optimal Nehari extension problems, then there exists a
subsequence Ky such that

lim <Ka(n)f(5),g(5)>L2 = <Kf(5),g(8)>L2

n—00

for every f € LT and every g € L.
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A proof for the results stated in the previous remark is similar to that in Curtain
and Zwart [23](see Theorem 8.3.9).

Remark 4.21 For the scalar case, the previous corollary gives a solution for the
Nehari extension problem, providing that we have an equalizing vector. From The-
orem 4.16 we have that g + ko has constant modulus almost everywhere on the
imaginary axis. This means that once we have an equalizing vector, we find a kg
which “equalizes” g over the imaginary axis (complete g to a function of constant
modulus almost everywere on the imaginary axis).

4.4 The Nehari problem for Pritchard-Salamon
systems

In this section we consider the Nehari problem for exponentially stable Pritchard-
Salamon systems. In this way we provide the connection between the frequency-
domain result obtained in the first section and the state-space representation (of
PS systems).

Before we can state the main resut we need to recall some of the state-space
concepts.

Definition 4.22 Let (T(-), B,C, D) be an exponentially stable smooth Pritchard-
Salamon system. Its controllability operator B € L(L5*(0,00), W) is defined by

(oo}
Bu = / T(s)Bu(s)ds
0
and its observability operator C € L(V, L%(0,00)) is defined by
Cv=CT(t)v forve W.

Its controllability gramian Lp € L(W*, W) and its observability gramian Lo €
L(V,V*) are defined by

Ly = BB — / T()BB*T*(t)dt,
0

Le = cC= / () CCT (1)t
0

respectively.

The sub-optimal Nehari problem for exponentially stable, smooth Pritchard-
Salamon systems with infinite-dimensional input and output spaces was solved by
Curtain and Zwart in [22]. The solution proposed in their paper uses the particular
realization available for Pritchard-Salamon systems. Using the fact that the trans-
fer function of an exponentially stable, smooth Pritchard-Salamon system is in the
Wiener algebra on the right half-plane (see Lemma 2.48) our Theorem 4.7 holds
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also for this class of systems. However, only for the case when the input and output
spaces are finite dimensional. This is since the Hankel operator associated with an
exponentially stable Pritchard-Salamon system with finite-dimensional input and
output spaces is compact. In general, this is not the case, and it is illustrated with
a simple example in Curtain and Zwart [22], Example 2.9.

The main advantage of the use of state space realization for exponentially stable,
smooth Pritchard-Salamon systems is the fact that we can provide an explicit
representation for the J-spectral factor.

Lemma 4.23 Suppose that $(A, B,C, D) is an exponentially stable, smooth
Pritchard-Salamon system, with G(s)~ its transfer function and |Hg|| < o. Let
us define A(s)™ by

~ In 0 —2 _CLB
Als) { 0 alm]“’ { oB*

where N = (I —o 2LgLc)™ L.
Then the following properties are satisfied:

}N*(SI%»A*)_l[C* LcB | (4.32)

1. A(s)™ is invertible and analytic in the left-half plane;
2. A(s)™" is given by

In — —-CL * *\— * —
o= [ b [ [ e s
(4.33)

3. The matriz-valued function

o[y 2[5 L[5 L] e

has the J-spectral factorization
Wi =~ | 55|

4. Ay1(8)™ s invertible;

5. A(s), A="(s) and Ay1(s)~" are transfer operators of exponentially stable smooth
Pritchard-Salamon systems, and consequently in A.

Proof: For a proof of this result we refer to Curtain and Zwart [22], Lemma 2.11.
|

For exponentially stable, smooth Pritchard-Salamon systems we have two alter-
natives of constructing the J-spectral factor: one can use the state-space represen-
tation as in Lemma 4.23 or one can use a frequency-domain approach as presented
in Algorithm 3.23.

Combining Theorem 4.7 with Lemma 4.23 we obtain, for exponentially sta-
ble, smooth Pritchard-Salamon systems with finite-dimensional input and output
spaces the following result.
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Theorem 4.24 Suppose that X(A, B,C, D) is a given exponentially stable, smooth
Pritchard-Salamon system with finite rank inputs and outputs spaces, G(s)~ its

transfer function, and o a positive real number. The following statements are
equivalent:

1. || Hg| < o.

2. There exists K (s) € A¥*™ such that
|G+ Koo < 0.

3. The matriz-valued function A(s) € ARXm)*x(Exm) gien by

~ In 0 — _CL * *\— *
A(s) ={0 O_Im:|+0'2|: UB*B}N(SI—FA)l[C LeB ]

is a J-spectral factor for

with AT} (s) € AF¥E,

Furthermore, if this conditions hold, all solutions for the sub-optimal Nehari ex-
tension problem are parametrized by

K(s) = X1(s)Xa(s) ™",
e [ ﬁ;g% } — A(s)! [ %S) ] , (4.38)

with Q(s) € A¥™ [|Qloe < 1.



Chapter 5

The Hankel norm
approximation problem

Introduction

The sub-optimal Hankel norm approximation problem has been studied extensively
in the literature (see for example, Adamjan et al. [1], Ball and Ran [7], Glover
[28], Ran [59], Glover et al. [29], Curtain and Ran [19], Sasane [63], Sasane and
Curtain [65]). The new contribution of this chapter is to present an elementary
derivation of the reduction of the sub-optimal Hankel norm approximation problem
to a J-spectral factorization problem. We do this for the Wiener class of matrix-
valued functions. The solution of this J-spectral factorization problem can then
be obtained by solving two equations (see Algorithm 3.23). Moreover an explicit
parameterization of all solutions to the sub-optimal Hankel norm approximation
problem is provided.

Although not stated explicitly in their paper, we believe that the paper [5] of
Ball and Helton is the first which shows the connection between the sub-optimal
Hankel norm approximation problem and a J-spectral factorization problem. Var-
ious corollaries of this abstract paper have been derived in Ball and Ran [7] and
Curtain and Ran [19], but there is a gap between the abstract theory in [5] and
the elementary looking corollaries. This motivated the search for an elementary
self-contained proof in many papers (see Curtain and Ichikawa [16], Curtain and
Oostveen [18], Curtain and Zwart [22], Sasane and Curtain [65], [67] and Iftime
and Zwart [40]).

The results presented in this chapter refines and/or generalizes the preceding
lemmas in Curtain and Ichikawa [16], Curtain and Zwart [22], Sasane and Curtain
[65], [67]. All the proofs are based on frequency domain techniques. In the last sec-
tion we provide formulas for a spectral factor in terms of the state space parameters
A, B and C for the Pritchard-Salamon class of infinite-dimensional systems.
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5.1 Preliminaries

Before we formulate the sub-optimal Hankel norm approximation problem and
state the main results we need to introduce some notations and prove preliminary
results.

We denote by A?Xm the set of complex n x m matrix-valued functions K of a
complex variable with a decomposition

K=G+F, (5.1)

where F € A"*™ and G is a proper matrix-valued rational transfer function of
a system with MacMillan degree at most equal to [, and with all its poles in the
open right half-plane. The subset of /llnxm containing all matrix-valued transfer
functions with the decomposition (5.1) such that G is the matrix-valued rational
transfer function of a system of MacMillan degree equal to [, will be denoted by
A

The MacMillan degree of a proper rational matrix-valued function G is defined
to be the minimal state-space dimension of all possible (A, B, C, D)’s that realize
G, ie.,

MacMillan degree = min {neN; G(s) =C(sI — A)"'B+ D}.
AecnXn pecnxm,
CcecPXm™ pecPXm

If the transfer function G(s) is a scalar rational function, then its MacMillan
degree equals its number of unstable poles, see Kailath [43]. Using this relation the
following lemma easily follows.

Lemma 5.1 If f € A and g € Ao are such that g has at most | unstable zeros
(all in the open right half-plane), then g e A.

Proof: From the definition of l§’0 we see that 5 S BO. Using Lemma 2.29 we
obtain that f

L=a+t7,
9

where @ € A and 7 is a strictly proper, rational transfer function with all its poles
in the open right half-plane. The poles of 7 must be the zeros of g, so we can
conclude that 5 c A ]

An alternative proof of the previous lemma can be obtained in an analogous manner
as in Sasane [64] (Lemma 2.5.1, page 53).

_ We give conditions under which the inverse of a matrix-valued function I €
AFXF exists and belongs to AF ",

Lemma 5.2 Let F € Ak [f

1. F(s) is invertible for every s € Co,
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2. det F € A,

then F~! € Aka, where | € N is the number of unstable zeros of det F', counted
with respect to their multiplicities.

Proof: The inverse of the square matrix F(s) is given by

F(5)™! = fogry M),

where the components of adj(F) are sums and products of components of F'. Since
F € AP we have that adj(F) € AEXk - From the assumption det F € A, and
Lemma 5.1 we have that F~! € Af”, where [ € N is the number of unstable poles
of det F', counted with respect to their multiplicities. [

The following lemma gives a characterization of the set By (see Definition 2.27).

Lemma 5.3 The following equality hods
By = Ar<m. (5.2)

U
leN
Proof: Let us consider an element K € By*™. From the definition of Bf*™ we

have that K is a matrix-valued function with entries in By. As a consequence of
Lemma 2.29, K has the representation

K=G+F,

where F € A"*™ and G has all its entries proper, rational transfer function with
all there poles in the open right half-plane. G is the transfer function of a finite-
dimensional system. Let us denote its MacMillan degree with [ € N. This means
that for this [ € N we have that K € flﬁ]xm. This proves the inclusion

N X An X
By=m | A
leN
We prove now the other inclusion. Let us consider K € J;,cy Aﬁ]xm. Then

there exist an [ € N such that K € Aﬁ]xm. This means that K = G + F, where
(G is a proper rational matrix-valued transfer function of a system of MacMillan
degree equal to [, with all its poles in the open right half-plane, and F' € Anxm

Using once more Lemma 2.29, we obtain that K € BJ*™. This completes the
proof. [ |

Remark 5.4 By definition of Aﬁ]xm and fllnxm we see that

UA;mxm _ UAS]Xm’

leN leN

ngm _ U A'[rz]xm _ UA?Xm

leN leN

SO
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Combining the results stated in Lemma 2.37 and Lemma 5.3 we conclude that
the elements in Aﬁ]xm have a right(left)-coprime factorization.

Lemma 5.5 For any K € flﬁ]xm there exists a right-coprime factorization K =

NM~' over A, where M is rational and det(M) € As. Moreover det(M) has
exactly | poles and they are all contained in the open right half-plane. Any two
right-coprime factorizations of K over A are unique up to a multiplication to the
right by a matriz-valued function inverible over Amxm, (A similar statement holds
for left-coprime factorization.)

Before we state another technical result, we introduce a useful notation. For
any fixed ¢ € R we denote by

K+ )L = sup 1K (C+s)] (5:3)

the Lo norm on a line paralel with the imaginary axis for a matrix-valued functions
K € A;. For ¢ = 0 the norm defined above is exactly the Lo-norm on the imaginary
axis.

Lemma 5.6 If K € A; for some | € N, then given any € > 0, there exists a § > 0
such that whenever 0 < ¢ <, we have

K+ )z <MKz +e, (5.4)

where || - || .. is defined in (5.3) .

oo

Proof: We use the compactification of the set C; [J{oo} and hence treat it as
a compact set (the compactification point oo was defined in the first section of
Chapter 3). Let K € A; for some [ € N, and consider any real ¢ > 0. K is
continuous on the compact set C [ J{oo}. So, there exists a 6 > 0 such that

[K(C+s)| <[K(s)| +e¢,

for all ¢ € [0,4d] and s € Cy|J{oo}. Taking the supremum over s € Co [J{oo} first
in the right-hand side then in the left-hand side, we obtain the inequality (5.4). m

Lemma 5.7 If K € /l?xm, Ky € A% and Ky € A™*™ | then
K\ KKy € A",

Proof: Let us consider K € .fllnxm, K, € A»*" and K, € A™*™- From

Lemma 2.37 we have that K has a coprime factorization K = NM~1 over A and
det M € As. Thus

1
KKKy = — K ;N adj(M)K.
1 2 det(M) 1 aJ( ) 2,
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where K1, Ko,adj(M) € A Tt is easy to see that K1 KKy € By. The poles of
KK K> will be at most the zeros of det(M). Using now Lemma 5.3 and the fact
that

AkCAl for k <1,

we obtain that K1 K K5 € /ll. |

An analytic function has only isolated zeros (see Lemma A.1.4 in Curtain and
Zwart [23]). We recall the concept of the Nyquist index of an analytic function.
(This concept is generaly defined for meromorphic functions, which are functions
that can be writen as a ratio of two analytic functions.)

Definition 5.8 Let g be an analytic function on C _. for some € > 0 and suppose
that g has a nonzero limit at oo over C and g has no zeros on the imaginary
axis. We define the number of times the plot of g(s) encircles the origin in a
couterclockwise sense as s decreases from joo to —joo over the imaginary axis to
be the Nyquist index of g.

Since an analytic function on C, _ has no poles in C., its Nyquist index is equal
to the number of zeros in C;.

The following lemma is a particular case of Lemma A.1.18 in Curtain and Zwart
[23].

Lemma 5.9 Let g, and go be analytic functions on an open set containing C,
with nonzero limits at infinity g1(o0) and ga(o0), and no zeros on the imaginary
azis. If there exists a continuous function ¢ : [0,1] x Co — C such that

1. ¢(0,5) = g1(s), o(1,5) = g2(s):
2. ¢(a, s) and ¢(o0,s) are nonzero for all « € [0,1] and s € Cy,

then the Nyquist indices of g1 and go are the same.

5.2 The sub-optimal Hankel norm approximation
problem

The Hankel operator with symbol G € LEX™ Hg and its adjoint HY, were defined
in (4.9) and (4.10), respectively. We recall that the Hankel operator with symbol
G € Whxm jg compact, the Hankel singular values o; are countable (we count them
with respect to their multiplicities), o1 > o9 > --- > 0.

The sub-optimal Hankel norm approximation problem for the Wiener class is
the following: given G € WEXm and o satisfying 0,41 < 0 < oy, find K € Afxm
such that

G+ KL, <o

Adamjan, Arov and Krein [1] (for the scalar case) and Sasane [64] (for the matrix-
valued case) proved that
inf |G+ KL = oi1. (5.5)
KeAFx

m
L
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This result leads us to the following remark.

Remark 5.10 Any solution to the sub-optimal Hankel norm approximation prob-
lem has an unstable rational part of MacMillan degree exactly l.

The following theorem is a consequence of a slightly more general result proved in
Sasane and Curtain [65]. They give sufficient conditions for the sub-optimal Hankel
norm approximation problem to have a solution.

Theorem 5.11 Let us make the following assumptions:
S1. G € WFXm such that G~ € A™¥k,
S2. o141 < o < oy,

S3. There exists a A € AF+m)x(k+m) ych that
[ G(s)* In } [ 0 —a2l, ] [ 0 I, | =AW

for all s € Cy,

o =
o

S4. A is invertible as an element of Alktm)x(ktm) =y g is, there exists a V €
Alktm)x(k+m) sy ch that A(s)V (s) = Iyrm for all s € Cy,

S5. At infinity we have that

lim A(s)[lk 0 },
sl —~o0 0
seCp

86. A7 € AR<E,
Then K € AF*™ and |G + K||p.. < o if and only if K = X, X5 *, where

) = [ 9]

for some Q € AF*™ satisfying QI a., <1.

In this chapter we show that the assumptions S3-S5 are not necessary for solving
the sub-optimal Hankel norm approximation problem for the Wiener class. The
main result is the following:

Theorem 5.12 Consider G~ € flgnx’“ and let o be such that o # o, for p € N.
Then, there exists a A € AR+ >E+m) syeh that

a. the following quality holds

et 15 A JLT G = [B 5 e

for all s € Cy,
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b. A is invertible as an element of Alktm)x(k+m) = thay is, there exists a V €
Alktm)x(k+m) sy ch that A(s)V (s) = Iyrm for all s € Cy,

c. At infinity we have that

Jim A(s):[% Y }

|s|— o0

seCp

and the following two statements are equivalent:
1. There exists a K € AY™™ such that |G + K||.. < 0.
2. A e Abtm)x(k+m) gatisfies S6 from Theorem 5.11.

Furthermore, all solutions to the sub-optimal Hankel norm approximation problem

are given by
K(s) = X1(s)X2(s) ",

{ 28 } = As)™! [ Q) ] (5.11)

where

for some Q € Akxm satisfying || Q| ., < 1.

We remark that a., b., c. from Theorem 5.12 are nothing other that the as-
sumptions S3., S4., S5. from Theorem 5.11.

Lemma 5.13 Consider G~ € A™** and let o be such that o # o, for p € N.
Then the assumptions S3-S5 are satisfied.

Proof: This lemma is a direct consequence of Theorem 4.10. ]

Before we proceed with the proof of Theorem 5.12 we need to add some more
preliminary results.

Lemma 5.14 Consider G~ € AOka and let o be such that o # o, for p € N, and
V e Aktm)x(k+m) pe the inverse of A over A. Then the following statements hold

1. The limit of V at infinity is

lim V(s) = { L (I)m } : (5.12)

|s|— o0

seC

2. Vao(s)™! ewists for all s € Cy and

1Viz ' Varll Lo, < 1. (5.13)

Proof: By Lemma 5.13, we have that S3-S5 are satisfied.
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1. From S5 we have that

o[ 8 Jvo([5 A ]-w) [ ]

Using the fact that V e Ak+tm)x(k+m) « [ it follows that the limit of V
at infinity is the one given in (5.12).

The matrix-valued function A € A+ x(=+m) gatisfies (5.6), and so taking
inverses, we obtain

v w g |ver-

Ik G(S) -1 Ik 0 Ik 0 -t

0 In 0 —%In G(s)* In '
for all s € Cp. Considering the (2,2)—block of the above matrix-functions
equality, yields

1
Var(5)Var ()" = Vo (5)Vas ()" = =5, (5.14)
for all s € Cy. Thus for ©u € C™ we have that
* * 1
[Vaa(s) ul® = [|Vai (s)“ul|* + ;IIUHQ’

for all s € Cy. So, if Vaa(s)*u = 0 for all s € Cyp, then u = 0 . Hence it follows
that Vaa(s)* is invertible for all s € Cq, or equivalently, Vaa(s) is invertible
for all s € Cy.
From (5.14), we have that
* —x, 12 1 —x, |2

[Var (s) Vaa(s) ™" ul]” = flull® = == [[Vaa(s) "] "-
for all s € Cyg. Let M > 0 be such that ||[Va2(s)*|| < M for all s € Cy. We
obtain that

el < 1V ()" 11| Vao ()~ ul|” < M2 [|Vaa (5)u|”.
Thus, since | R|| = ||R*||, the following inequality holds
1
Vo (s) Ve (s)|* = [[Var () Vaals) " < 1= =2

for all s € Cy, and so we have ||V2§1V21
(5.13).

H ;< 1whichis exactly the inequality

So both items are proved. [

The following lemma provides more information about the (1,1)—block of the

J-spectral factor A € A(k+m)x(k+m)
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Lemma 5.15 Let G~ ¢ /lg“(k, and suppose that there exists a K € Afxm such
that |G + K||L. < o, where 0 # o, for p € N. Let A € Ak+tm)xk+m) pe ¢

J-spectral factor (satisfying S3, S4 and S5), and V = A~'. Then V' € AP*F.
Moreover Aj}! € Aka, that is S6 holds .

Amxm

Proof: We will split the proof in four steps. First we prove that ‘/251 € Ay
for some [, € N. In the second step we define

where K = NM~1! is a right-coprime factorization of K over A, and prove that U,
is invertible over the imaginary axis and

10105 e 1.

Using the Nyquist index, in Step 3. we show that [, < [. Finally, in the last step
of the proof it is shown that S6 holds.

Step 1. We prove first that V' € Amxm for some I, € N. From (5.12), we know
that 1

lim Vao(s) = —1I,,.

[s| =00 g

seCq

We have also, from Lemma 5.14.2, that Vaa(s) is invertible for all s € Cy. Since
Vas € A™*™ we have that det(Vgg) c A. Moreover, det(Va2) has no zeros on the
imaginary axis and a nonzero limit at infinity. This implies that det(Vag) € Ase
Thus applying Lemma 5.2 for Voo € Amxm, we obtain that ‘/251 € /lﬁq]xm for some
l. € N.

Step 2. Let K € AF*™ satisfy |G+ KL, <o andlet K = NM~! be a right-
coprime factorization of K over A, where N € AF*m and M € A™*™_ Since
A, C By (see Remark 5.4), we may take M to be rational, and det M € Ao, with
at most [ € N zeros in the open right-half plane, none of them on the imaginary
axis (see Lemma 5.5). Define

Uy ] [AuN+AM ] [N ([ K
] [ At | TN T K g

We prove that Us is invertible over the imaginary axis and ||U;Uy |1, < 1. First
we prove that ker(Us(s)) = {0} for all s € Cy. From (5.15) we have that

[ ] =ae B GO T[S [, s

for all s € Cy. Note that the following equality holds

Ui(s)"Ui(s) — Ua(s)"Ua(s) = { g;g% r { IS —(}m ] [ glgj; ] ’
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for all s € Cyp. Multiplying the equality (5.6), to the left and to the right with
apropriate matrices we have that

1 -1
I 0 o | Ik 0 I G(s) | Ik 0
{ G(s)* I } Als) { 0 —In ] Als) { 0 In R
for all s € Cy. Using (5.16) and the above equality, we obtain that
Ui(s)"Ur(s) — Ua(s)"Ua(s) =

G(s)+K(s)HIk 0 HG(s)+K(s)

mes | O v o, || SRR [ s

on the imaginary axis. Hence for all u € C™ and all s € Cy, we have from equation
(5.18) that

1O (s)ull® = 1U2(s)ull* = [I(G(s) + K ()M (s)ul® = o*| M (s)ull*,  (5.19)

for s € Cy. Since ||G(s) + K(s)]|ec < o and M (s) is invertible on the imaginary
axis, we can conclude that Ui (s) and Us(s) satisfy the following inequality

10 (s)ull < [[Uz(s)ul- (5.20)

for s € Cy. Multiplying to the left the equality (5.15) with V', the inverse of A, we

obtain that
ur | | K
vim]=la ]

VorUr + VaoUs = M, (5.21)

and so

which is equivalent to
Vg ' VorUy + Us = V! M (5.22)

on the imaginary axis. We would like to prove that ker(Us(s)) = {0} for all
s € Cy. Suppose on the contrary that there exists 0 # up € C™ and a sy €
Cp such that Us(sp)up = 0. Then, from (5.13), (5.20) and (5.22), we obtain
Vi (50) M (s0)ug = 0. Since Viy' (s0)M(so) is invertible, this implies that ug = 0,
which is a contradiction. We have that ker(Us(s)) = {0} for all s € C,.

From (5.19), we deduce that

12
[U1(s)U2(5)"1y||” < Iyl
for all s € Cy and y € C™. So, U;U, * € LEX™ and satisfies

[, <1

Step 3. We prove, using the Nyquist index, that [, < [, where [, € N is the one
from step 1. Consider

U := Aoy N + Ao M € Amxm
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as defined in (5.15). We know from S5 that Aoy is strictly proper and Aos is
proper with invertible limits at infinity in C;. By construction, M is rational and
det(M) € As. Thus we see that

lim Us(s) exists and is invertible. (5.23)

e
We have proved (in step 2) that U is invertible over the imaginary axis, so det(Us)
has no zeros on Cy. We see that det(Uz) € Aw, and we can apply Lemma 5.2 to
conclude that Uy ! € Ag]xm for some ¢ € N.

The zeros of det(Vaz), det(M) and det(Us) are contained in some half-plane
Cy4 ¢, where € > 0. Since from Lemma 5.14.2 we have that HVQEIVH ||L < 1, there
exists a r € (0,1) such that HV251V21 HL =1—r. It follows from Lemma 5.6 that
there exists a §; > 0 such that §; < € and for any ( satisfying 0 < { < 41,

Vas (€ + )7 Var(C+ ), <15

Similarly, it follows from Lemma 5.6 that there exists a do > 0 such that d5 < &
and for any ( satisfying 0 < ¢ < 09,

- 1-

Let 0 := min{d1, 02}, and fix a ¢ satisfying 0 < ¢ < . We define the following
function ¢ : [0,1] x Cy — C by

#(a, s) = det (aVar (¢ + s)Ur(C + s) + Vaz (€ + 5)Ua(¢ + 5))

UL+ YUa(C ) Ml < 14— =

where « € [0,1] and s € Cy.
a. We know that

¢(0,-) = det(Vaa(C+-)U2(C+)) and
¢(L,-) = det (Var(C+ )UL(C + ) + Vaa (¢ + )Ua(C + )

are analytic in C; _¢/2.

b. ¢(0,-) has a nonzero limit at infinity in C,. This follows since det V5o has a
nonzero limit at infinity in Cy (from Lemma 5.14) and det Us has a nonzero limit
at infinity in C, (see (5.23)).

#(1,-) has a nonzero limit at infinity in C,, since Va; is strictly proper, U; is
bounded on C,, and ¢(0,-) has a nonzero limit at infinity in C.

c. (a,8) — ¢(ays) :[0,1] x Cp is a continuous function, since it is a composition
of continuous functions.

d. We have

d(a,s) = det(Vaa(C +s)) det (Ua(C +5)) -
det (I + aVaz (¢4 8) " Var (¢ + $)Ur (¢ + s)Us(C + 5)71)
7& Oa
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since

l[aVaz (¢ + )" WVar (¢ + YUL(C + Ua(¢ + )7

< 1 |[Vaa(CH )T Ve (CH+ )| [T CH+ ) T(C+ )
< [ 4 1
= [ _5} [

det(Vaz(C 4 s)) # 0 and det (U2(¢ + s)) # 0.

e. ¢(a,00) # 0, since Vo is strictly proper, Uy is bounded on C 1, and det Voo det Us
has a nonzero limit at infinity in C.

Thus the function ¢ satisfies the assumptions of Lemma 5.9, and hence it fol-
lows that the Nyquist indices of ¢(0,-) and ¢(1,-) are the same. Since ¢(0, )
and ¢(1,-) are analytic in (C-h—%’ this implies that the number of zeros are the

same and so the sum of the number of zeros of s ~— det(Vae(¢ + s)) in C plus

the number of zeros of s + det (Uz(¢ + s)) in C, equals the number of zeros of
s+ det (Va1(C+ s)Ur (¢ + 5) + Vaa (¢ + 5)U2(C + 5)). By (5.21) we see that this

equals the number of zeros of det(M (¢ + s)) in C.

In particular, we obtain that the number of zeros of s +— det (Vo (¢ + s)) in C
is less than or equal to [. But since the choice of ( can be made arbitrarily small, it
follows that det (Va2) has at most [ zeros in C... Thus Vi,' € A™*™, which means
that 1, <.

Step 4. We prove that A € AF*F.
Since V = A~1, it can be easily checked (by block matrix manipulation) that

A= Vi — VigViyy 'V

and so it follows from Lemma 5.7 that A} € Aka . [ ]

Lemma 5.16 Suppose that there exists a A € AF+Tm)xE+m) guch that S3, Sy,
S5 and S6 from Theorem 5.11 hold, and let V.= A='. Then Ky := V12V251 s a

solution for the sub-optimal Hankel norm approximation problem, and Ky € Afxm

Proof: The proof follows similar lines as in Sasane and Curtain [65]. We have that
the assumptions S1-S6 hold. From S6 we have that A" € AF**. Since A~' =V
it can be easily checked that

V2§1 = A9y — A21A1_11A12-

Using Lemma 5.7 it follows that ‘/'251 € Alme We know that Vijy € Akxm,
Applying Lemma 5.7 once more, we obtain that K, € Almxm.
We have the following equalities:

[ G(s) }rmKo(S) ] _ [ Iy G(s) ] [ K}JS) ]
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for all s € Cy. So, on the imaginary axis holds

(G + Ko)* (G + Ko) — 021,

_ | G+ Ko *J G+ K
- I Im a,k,m Im

G2y [ 0 1" [ G I, G 0
N VQJ]V{O Im]‘]””“”“{o IM]V{VEI}

[ o0 1°[n o 0

- I ‘/2—1 0 *Im ‘/2—1 .
We have used (5.6) from S3 and the fact that V is the inverse of A. Considering
the first and the last terms of the previous sequence of equalities, we have that

(G + Ko)(s)ull® = o*|ul|* = —[[Var(s) " "ul® (5.25)

for all w € C™ and s € Cy. From (5.25) we have that
(G + Ko)(s)ull* = o*[[u]* < 0
for all u € C™. Using this inequality and (5.25) we obtain that
|G + Kolloo < 0.
|
Remark 5.17 Since Ko = V12V251, with Vig € /l, and VQEI IS AF:]XW for some
r € N, we have that Ky € ./Zlf?](m
We are able to prove now the main theorem.

Proof: of Theorem 5.12.

1= 2: Consider G~ € A™* and let o be such that o # o, for p € N. Sup-

pose that there exists a K € flfxm such that |G 4+ K||r., < 0. The proof is a
consequence of Lemma 5.13 and Lemma 5.15.

2 = 1 : This implication follows form Lemma 5.16.

It remains to be proved that all solutions to the sub-optimal Hankel norm approx-
imation problem are given by

K(S) = Xl(S)XQ(S)il,

where X7 and X5 are given by (5.11), namely

R R b
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for some Q € AF*™ satisfying ||Q|| g < 1.

a. Provided that either 1. or 2. holds, we prove that any K = X1X2_1 as above is
a solution for the sub-optimal Hankel norm approximation problem.

Take Q € AF*™ satisfying Q.. <1, X7 and X5 given by (5.11). Using
Lemma 5.14.2 we obtain that ||[Va2(s) 1V21(5)Q(s)|| < 1 for all s € Cy. Since

= V21Q + Voo and Vaa(s) is invertible for all s € Cy we have that Xa(s) is also
invertible for all s € Cy.

Using similar equalities as in the proof of Lemma 5.16 we obtain that

(G+ K)(G+ K)— oI, =

—% Q : Ik 0 Q -1
-] [6 L]
_ X;*(Q*Q—Im)X_l
Since ||Q||zr.. < 1 we see that |G+ K| s < 0, s0 K = X; X, ! where X; and X
are given by (5.11) are solutions for the sub-optimal Hankel norm approximation
problem.

We prove now that K € A;. Since Q@ is proper, Vb1 is strictly proper, Voo is
proper and det(Va2) has a nonzero limit at infinity it follows that det(X2) has a
nonzero limit at infinity. Applying the Nyquist Lemma 5.9 as in Step 3. in the
proof of Lemma 5.15 for Us = I and U; = @, we obtain that det(Xs) and det(Va2)
have the same number of zeros in the open right half-plane. It follows that det(X5)
has at most [ zeros in C and all of them are contained in the open right half-plane.
From here we can see that det(X3) € Aoo, and K = X1 X; ' e .A C Al, where r
is the number of zeros of det(V22) in the open right half—plane

b. Suppose that K € A[,.] c A; is a solution for the sub-optimal Hankel norm
approximation problem, and suppose that K = NM~! is a coprime factorization
of K over A, where M is rational and det(M) € A has exactly 7 zeros in the
right half-plane, none of them on the imaginary axis. We will prove that K can be
written as K = X; X, ' where X; and X, are given by (5.11).

Consider U; and Us given by (5.15) from the proof of Lemma 5.15, step 2. In
step 3. of the proof of Lemma 5.15, we have proved that U2_1 € /l[q] for some q € N,
and that the number of zeros of det(Usz) plus the number of zeros of det(Va2) in
C equals the number of zeros of det(M) in C,. Using Remark 5.17, this is

rT+q=r,
which implies that ¢ = 0, so Uy ' € A. From the relation (5.15) it follows that
NU;t T [ gt
{ MU } =A I ) (5.27)

Defining Q := U,U, ! we see that Q € A and [|Q||oe < 1 (see Lemma 5.15, step
2.). Tt is clear now that we can take

X; = NU;'
X, = MU;*
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and the proof is completed. [ |

Using (5.5) and Remark 5.17 the following corrolary of Theorem 5.12 can be
obtained.

Corollary 5.18 Consider G™ € A(’)nXk, and let o be such that o # o}, for allp € N.
Then the assumptions S3-S5 hold, and the following statements are equivalent:

1. o141 <o <oy.

2. There exists a K € /lfl]xm such that |G+ K|, <o.

3. The matriz-valued function A € AFTM*(k+m) sqpisfies A € Aﬁ]xm

5.3 The sub-optimal Hankel norm approximation
problem for Pritchard-Salamon systems

In this section we consider the sub-optimal Hankel norm approximation problem
for exponentially stable Pritchard-Salamon systems with finite-dimensional input
and output spaces. A solution via J-spectral factorization was first presented by
Curtain and Ran [19] using the work of Ball and Helton [5], [6]. Then, Sasane
and Curtain [66] presented a self-contained solution. Both approaches construct a
solution from a given realization of G.

Similarly as for the Nehari problem (see Chapter 4, Section 4.4), the results pre-
sented in the previous sections provide a self-contained frequency-domain solution
for the sub-optimal Hankel norm approximation problem for exponentially stable
Pritchard-Salamon systems with finite-dimensional input and output spaces. Using
Lemma, 2.48, this result can be seen as consequences of the Theorem 5.12. However,
specific for the state-space approach is the representation (4.32) (the same form as
for the Nehari problem) of the J-spectral factor used to described all solutions of
the sub-optimal Hankel norm approximation problem.

5.4 The optimal Hankel norm approximation prob-
lem

Let G € Whxm, The problem of finding a K € A, that achieves the minimum
distance from G to A, i.e.,

inf G+ Kl = o
A;cxm
is called the optimal Hankel norm approximation problem (for the Wiener class).

The following result would be the natural extension of Theorem 4.16.
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Theorem 5.19 Suppose that G € WEX™_ Then any Ky € Hfoxl’" solving the
optimal Hankel norm approzimation problem, that is, satisfying

|G + Kolloo = 0141, (5.28)

also satisfies
(G + KO)UQ = HGUQ, (529)

where uy is an eigenvector for the compact nonnegative operator Hi.Hg correspond-
ing to the eigenvalue o4 .

A proof for the scalar case was given by Adamjan, Arov and Krein [1]. The
solution for the discrete-time, rational matrix-valued functions was first given by
the engineers Kung and Lin [46]. We refer also to the paper of Young [79], where
this result is stated and nice examples are presented.

A similar statement as in Theorem 4.17 is also true.

Theorem 5.20 Suppose that G € Whxm g given, and that u = [ Zl } € Hy is
2

an equalizing vector for the matriz-valued function W (s), defined in (4.12), corre-
sponding to the singular value o;11. If there exists a solution Ky of the optimal
Hankel norm approximation problem, then on the imaginary axis it satisfies

KOU2 = U1. (530)



Chapter 6

Hso sub-optimal control
problem

Introduction

The standard H, control problem was introduced in 1984 by J.C. Doyle [24]. In
a few words the H,, sub-optimal control problem is to find a controller which
stabilizes a given plant and which makes the H., norm of the associated closed
loop transfer function less than a given positive real number.

Nowadays, there are different techniques for solving the standard H., control
problem. We will use coprime factorizations for solving this problem. The idea
of factorizing the transfer function of a (not necessarily stable) system as a ratio
of two stable transfer functions was first introduced in 1972 by Vidyasagar [73].
Using this (coprime) factorization Green et al. [32, 33] showed that for rational
transfer functions the standard H., control problem can be solved if and only if
two J-spectral factorizations are solvable. This result has been extended to the
infinite-dimensional case for systems in state-space form (A, B,C, D), with B
and C bounded, by Curtain and Rodriguez [20].

A generalization of the results presented by Green [32] was found by Curtain
and Green [15] for a class of systems with irrational transfer matrices, using a result
of Ball and Helton [5, 6]. For infinite-dimensional (weakly regular) well-posed linear
systems, the standard H., sub-optimal control problem was solved by Mikkola in
[52].

A similar result as in Green et al. [32, 33] was proved, also for the rational case,
by Meinsma [49], using different techniques. In this chapter we show that this ap-
proach extends (partially) to a large class of infinite-dimensional systems, namely
to systems having their transfer functions in the quotient field of H,, (Nevanlinna
class of transfer functions). We prove that if two J-spectral factorizations have a
solution, then the standard H., sub-optimal control problem has a solution. Fur-
thermore, we parametrize the set of all solutions. The elements of the Nevanlinna

89
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class need not be well-posed in the formulation of Mikkola [52]. However, here we
consider only the case of finite-dimensional input and output spaces.

For systems with a state-space realization, the existence of a J-spectral factor-
ization is often equivalent to the existence of a stabilizing solution to an algebraic
Riccati equation. This is shown by Green [32] for the finite-dimensional situation,
by van Keulen [71] for a class of infinite-dimensional systems, and by Mikkola, for
well-posed systems, in [52]. The solution of the algebraic Riccati equation is used
to present the state-space formula for all solutions to the H., control problem.

This chapter basically generalizes the proofs of Meinsma as presented in [49].
We do not make use of a state-space representation of our system, neither do we
use Riccati equations. Since there are many systems for which the given state-
space realization is not well-posed, and thus the state-space approach using Riccati
equations is not guaranteed to work, our approach can be applied to a larger class
of systems. Furthermore, we expect that our approach will have some numerical
advantages. We remark that our class of systems does include dead-time systems.
The procedure for solving the J-spectral factorization, as presented in Chapter
3, can be applied to systems that can be approximated by rational functions.
However, this procedure does not apply to a pure delay.

In the sixth section of this chapter, we provide a self-contained solution to the
standard H., sub-optimal control problem for systems with the transfer function
in B,, the class of infinite-dimensional systems considered in Curtain and Green
[15]. So, Section 6.6 provides an independent proof of the results in [15] which used
the abstract theory of Ball and Helton [5] to obtain the Nehari result. However,
if one looks for the result quoted from [5] in [15], one realizes that this is not an
obvious corollary of the very abstract and general theory in [5]. This approach we
consider in Section 6.6 can also be taken for Bo, a subset of the quotient field of
the Wiener algebra on the right half-plane.

6.1 Preliminaries

6.1.1 Inner and J-lossless matrices

The concept of inner and J-lossless matrices are closely related as will be shown in
Lemma 6.6. We begin with the definition of inner matrices.

Definition 6.1 A matriz-valued function G € H*™ is said to be inner if
G~ (8)G(s) = I (6.1)
for almost all s € Cy.
Observe that if G is inner, then n > m. In other words, the matrix is ”tall”.
Lemma 6.2 A matriz-valued function G € HI*™ is inner if and only if
G*(s)G(s) < I, (6.2)

for almost all s € C,., with equality on the imaginary axis.
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Proof: Necessity: If (6.2) is an equality almost everywhere on the imaginary axis,
then obviously the condition from the definition of inner matrices is satisfied. So
G is inner.

Sufficiency: For the other implication suppose that the matrix-valued function G €
HZ*™ is inner, which means that the equality (6.1) is satisfied almost everywhere
on the imaginary axis, so
ess sup ||G(s)|| = 1.
s€Co

Since G € HZ*™, we have that

sup [|G(s)|| = ess sup [|G(s)|
seCq s€Co

which implies that L
|G(s)||* < 1 for almost all s € C.

This means that all the singular values of the matrix G(s)*G(s) are less or equal
to one for every fixed value of s. It follows that

G(s)*G(s) — I, <0, for almost all s € Cy,

with equality on the imaginary axis. [

Recall that we made the following notation:

| I 0
J’y,m,n T |: 0 _,YQIn :|

for m,n € N and some positive v. We write .J,, , whenever v = 1. We introduce
the notions of J-lossless and co-J-lossless matrix-valued functions.

Definition 6.3 A matriz G € H{L P> HP) g Jynp-lossless (or J, . p-inner) if
G(8)* JynpG(8) < Jmp for almost all s € C,
with equality almost everywhere on the imaginary axis. This means that
G~ (8)JynpG(8) = Jmp, for almost all s € Cy, (6.3)
G(8) Ty mpG(8) < Jmp, for all s € Cy. (6.4)

Notice that a J-lossless matrix need not to be square; it is "tall” (n > m), and it
is assumed to be partitioned so that the lower-right corner is square.

Definition 6.4 A partitioned matriz G € HEPX (D) co-Jy m p-lossless if it
satisfies
G(8)JympG~(5) = Jnp, for almost all s € Co, (6.5)

G(8)y,m,pG(8)* < Jnp, for all s € Cq. (6.6)
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Remark 6.5 It is easy to see that a matriz-valued function G € Lo is J-lossless
if and only if G(s)T is co-J-lossless.

The following result describes the relation between inner and J-lossless matrix-
valued functions.

Lemma 6.6 Suppose that n,,n, and n, are given positive integers. In what fol-
lows w and y are elements in H;y, z € HY* and uw € Hy". We have the following
relation between inner and J-lossless.

1 IfM = [ %i %;z ] e q{=Tm)X (nutny) (with M partitioned compatibly)

18 Jn. n,-lossless, then Mag is invertible over Ho and

{(Z,w,u,y)l{;}zM{Z},[Z]eHQ””U} (6.7)
{(Z7w,u,y)| [;]zG{Z],[Z}EHQﬁ"“}, (6.8)

where G is the matrix defined as

equals

G [ M12M2_21 My *M12M2_21M21 ]
My,! — Myt Moy '

Moreover, G is inner.

2. If G € H= Xt G inner matriz whose lower left ny x n, block

element is in GHY™"", then there exists a unique stable Iy ,n, -lossless M

for which the sets given in (6.7) and (6.8) coincide. Moreover, if G is given

as o o
G- 11 12
{ Ga1 Gao |’

then M is given as

(6.10)

_G§11G22 G
Proof: We begin by proving the first assertion. It is easy to see that for s € C

M(8)* Jnym, M (s) =

Mll(s)*Mll(S) — Mgl(s)*Mgl(s) Mll(s)*Mlg(S) — Mgl(s)*Mgg(S)
Mlg(s)*Mll(S) — MQQ(S)*M21(S) Mlg(s)*Mlg(S) — MQQ(S)*MQQ(S)

Since M is Jy, n,-lossless, we have that this, in particular, implies that

—MQQ(S)*MQQ(S) < Mlg(s)*Mlg(S) — MQQ(S)*MQQ(S) < _Iny <0 (6.11)
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for all s € Cy. With Lemma 2.7 this implies that Mas is invertible over H,, and
thus G in (6.9) is well-defined.

If (z,w, u, y) is such that { 5} } =M { Z } with [ Z ] € Hs then, by the stability
of M, we have that { 5] } € H,. Furthermore,

z = Mypu+ My,
Moru + Mooy,

w
with Mss invertible, implies that
y = Myy'w — My, Mayu (6.12)

and
z= (M1 — MiaM3y' Moy ) u+ My Moy w.

Thus (z,w,u,y) lies in the set defined by (6.8). The other inclusion can be proved
similarly.
It remains to show that G is inner. We show that

G~(5)G(s) =1 <= M~ (8)Jn,n,M(5) = Jn, n,, (6.13)

for almost all s € Cy. Let [ Z} ] € C™ e and define [ ; } € Cn=1"v as

for almost all s € Cy. Then G~ (s)G(s) = I implies that
2 2 2 2
12117 4y l1™ = flewll” + [l

This is equivalent to
2 2 2 2
12017 = llwll™ = flel™ =yl

Since M is J,, n,-lossless, we see that this is equivalent to

[t " JMs) nen, M) { ) } = [ " { y ]

for almost all s € Cy. This holds for all { Z } for which there exist a w such that

z

Yy
words (6.13) is shown. In the same way it can be proved the equivalence

= G(s) Z} ] . From (6.12), we see that this set equals C"= ", In other

G*(5)G(s) < I <= M*(8)Jn..n,M(5) < Jp,n,, for seCy. (6.14)
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Using now Lemma 6.2 we have proved the first assertion. For the second assertion
we define the matrix M as

G2 — G11G§11G22 G11G§11

M = - Z 6.15
7G211 G22 G211 ( )
The proof follows now the opposite direction. [

In order to check whether a matrix-valued function is J-lossless, one can replace
condition (6.4) by an equivalent condition.

Lemma 6.7 A partitioned matriz-valued function M € HC‘,Z*W‘”*“ 18
lossless if and only if the following two conditions are satisfied

1. M™(8)JynpM(8) = Jmp, for almost all s € Cy;

‘]%nyp'

2. the lower right p X p block element of the matrix M is invertible over HEXP.

Proof: Let M be partitioned as follows

Mll M12 :|

M =
{ Msy  Maa

and define
I 0 My M3
M, = M = i
K [ 0 I ] [ YMaor  yMas }

From Lemma 6.6 it follows that M, is .J,, p-lossless if and only if the matrix G
defined as

. — [ Mo Mty Myy — Mio My, Moy ]

Mgy — M3 Moy
is inner and its lower-left block, i.e. ]\42_21 is in Hy . Using now the definition of an
inner matrix and the equivalence (6.13) we have that the matrix-valued function
G, is inner is equivalent with

M:(S)Jn,pM’v(S) = Jm.p;
for almost all s € Cy, which is equivalent with
M™(8) Iy npM(s) = Jm,p,

for almost all s € Cy. So, the equivalence is proved. [

For co-J-lossless we have a similar result. The proof is easy by using Remark 6.5.

Lemma 6.8 A partitioned matriz-valued function M € Hy, is co-Jy g p-lossless if
and only if the following two conditions are satisfied

1. M(8)JympM™(s) = Jnp, for almost all s € Cy;

2. the lower right p X p block element of M is invertible over HEXP.
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6.1.2 Positivity results

In this last subsection we will present some results that will be useful in the sequel.
The important issue is the connection between stability and positivity.

m4+n, L
H2

Definition 6.9 Consider the Hardy space with the inner product (-,-). A

subspace B of HgnJr"’J‘ is positive with respect to the J y, n-inner product

[fa g] = <fa J’y,m,nQ)a f,9¢€ HﬁnM’L,

if for every x € B
(@, Iy m.nz) > 0.

1t is strictly positive with respect to the Jy m n-inner product if there exists ane > 0
such that for all non-zero x € B holds

(, Iy mnx) > ez, ).
Definition 6.10 Given a stable matriz-valued function G € H*™, define
Bg = {z € Hy"™ | Gz € H}}. (6.18)
We say that Bg is the set generated by G.

Note that the set generated by G is a subset of Hs-. The next lemma shows that
the set generated by G is invariant under premultiplication of G by a bistable
matrix-valued function.

Lemma 6.11 Consider two stable matriz-valued functions G, G € HX™ . [f there
exists a W € GHZ™ such that G = WG, then G and G generate the same set,
i.e., BG = B@

Proof: Suppose that there exists a W € GHZ*" such that G = WG. We have to
prove that Bg = Bg. Since W € GHZ*" we know that WHS = H3 (see Francis
[27]). From the definition of Bg, we have that GBg C HY and so

WGBg Cc WHY = HY,
which implies that
W(GBg) C HY.

However,

Bwe = {z € Hy"™ | WGxz € H}},

which implies that
Ba C Bwa.

Using that G = WG we get Bg C Bg. The other inclusion can be proved similarly
by using the equality G = W~'G. [ |
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Lemma 6.12 Let Fy and Fs be two stable matriz-valued functions such that Fb
is invertible over HEXP and ||Fy 'Fy||g.. < v, where + is a positive real number.
Then the set generated by [Fy Fs], Bir p,) C Hg”p’J‘, is positive with respect to
the J% inner product.

If we have strictly inequality, i.e., ||Fy 'Fi|g.. < v, then Bir,py) C

strictly positive with respect to the Ji ., -inner product.
>m,

»T,p

HP Pt s
Proof: Since F5 is invertible over H,,, we have that

| F L |=F'lFRh F],
where F':= F LFy. Applying Lemma 6.11, the following equality holds

Bipm m1=PF 1]

Let we B be partitioned as w = w1 , compatibly with the partition
[F 1] w2

of [ F I, |. From the definition of B [ it follows that

F ol

w1 m-+p, L w1
{U&}GHQ p and[F I,,}{IUQ}GHS

which is equivalent to
wi € H2m7l and wy = 7Q(Fw1)a

where @ is the projection from LE(Cy) onto HY*.

We have
_ w1 w1 _ 2 1 2
W Ir ) = (|02 | T | 0t ]y = lrl = Sl

1

= sl - SlQPwIE,
1

>l (1 5 IF 1)
Y

1 _
= Sl 67 - 1F Rl 20 (6.19)

Hence, we proved that for every w € B[ FoI there holds (w, J1 mpw> >0,
» Lm,
which means that B[ FoI ] is positive in the J-inner product.
P

The implication for the strictly positive case follows directly from (6.19) and using
that ||Fy 'y < v. [ |
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6.2 Problem formulation

The standard H..-control problem diagram is shown in Figure 6.1, where w,u, z
and y are vector valued signals:

e w is the exogenous input,
e v is the control signal,
e 2 is the output to be controlled,

e 7 is the measured output.

Figure 6.1: The standard H.,-control problem diagram.

The transfer matrices G and K are assumed to be in F,. Furthermore, we assume
that G is a stabilizable plant which is decomposed as

Gll G12
G = . 6.20
[ G Gon } (6:20)

In the closed loop we consider z, y and u as outputs. The diagram of Figure 6.1
leeds to the following algebraic equations

z = G11w —+ Glgu
y = Garw + Gaou (6.21)
u= Ky

In order to define stability we consider the diagram given in Figure 6.2, where two
additional signals, v; and v, are introduced. The algebraic equations correspond-
ing to Figure 6.2 can be represented in the following block format

I 0 *G12 z G11 0 O w
0 I —G22 y = G21 I 0 U1 . (622)
0 —-K I u 0 0 I Vo

For well posedness we require that the matrix-valued function on the left side is
invertible. This is
I Gi2K(I —GpK)™b G2+ G1aK(I — G22K) 'Gay
Tt =10 (I — Gy K)™! (I — Goa K) 1Gao (6.23)
0 K(I — GypK)™ ! I+ K(I—GpK) G
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Uy

K

Figure 6.2: Stability diagram.

exists for almost all s € C4. A sufficient condition for this to hold is that det(f —
Ga2(8)K (s)) # 0 for almost all s in the right half-plane.
For the feedback system of Figure 6.2, we define input-output stability.

Definition 6.13 The feedback system (G, K) of Figure 6.2, where G, K € Fu,, is
said to be input-output stable if the following holds:

1. det(I — Gaa2(s)K(s)) # 0 for all s in the open right half plane;

2. The transfer functions S = (I—GaoaK)™1, KSGas, G11+G12KSGa1, KSGay,
G12KS, KS, SGa3, SGo1 and G12(I+KSG22) are in Hy.

Remark 6.14 If the feedback system (G, K) of Figure 6.2 is inpul-output stable,
then

1. T-' e H,
Gin 0 0
2.T V| Gyy I O € Hy.
0o 0 I

This follows from Definition 6.13, item 2, the expression (6.23) of T~1, and the
fact that

Gii1 0 0 Gi1+G12KSGa1r Gi12KS  Gia + G2 KSGao
71 Goy I O = SGa S SGas
0 0 I KSGo1 KS I+ KSGog

Next we define the optimal and the sub-optimal H,, control problem.
Definition 6.15 (The standard H., optimal control problem) Given a sta-

bilizable plant G € Fy, minimize the Ho, norm of the transfer function T, from
w to z, over all stabilizable controllers K € F,. Moreover, find

Yopt = i%f ||Tzw||Hm . (6.24)
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Definition 6.16 (The standard H., sub-optimal control problem) Given a
stabilizable plant G € F and the positive bound =y, find a compensator K € Fy
such that the transfer function T, from w to z, satisfies

||TszHOO <7

If it is possible, describe the general form of all stabilizable controllers which satisfies
the above inequality.

Notice that the transfer matrix from w to z is
Tow = G11 + G1oK(I — G K) ™1 Goy.

We will reformulate the standard H..-control problem using coprime factor-
izations. From Theorem 2.35 we know that every stabilizable G possesses a left-
coprime factorization. Let G be a stabilizable plant and let

G=D"'N (6.25)
be a left-coprime factorization of G over H,, where

De H(gngrny) x(nz+ny)

?

N ¢ Héngrny)X(anrnu).

D = [D; D3] and N = [Ny Ny corresponds to the partitioning of the output and
the input of G, where

Dy € HE= )X Dy e gt
Nl c Hégz"l‘ny)xnw ]\]f2 c Hégbz"l‘ny)xnu
s .

Since K stabilizes G if and only if G stabilizes K (see Smith [68]), we have from
Theorem 2.35 that K possesses a coprime factorization. Let K = K;lKn be a
left-coprime factorization over H, of the controller, so

Kg€ HX™e K, € Ho ™.

From Figure 6.1 we see that we can describe the closed-loop signal equation of the
system as

w
—N1 D1 —N2 D2 z o
0 0 K, —K, | = 0. (6.28)
Y
The upper row block
—Niw+ D1z — Nou+ Doy =0 (6.29)

defines the plant, and the lower row block

Kgu—Kpy =0 (6.30)
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defines the controller.
In this case the extended closed-loop of Figure 6.2 has the equations:

0 -K, Ky 0 0 Ky Lo (6.31)
2

[Dl D, Ng} : _[Nl D, 0] v

< <

Let us denote

(6.32)

| D1 D2 —N; | Ny Dy O
A{o —K, Kd}’B[O 0 Ki|

Lemma 6.17 Suppose that G € F is given in the form (6.20) and that G has
the left-coprime factorization over Hs as described before (see (6.25)). Then the
following statements are equivalent:

1. The feedback system (G, K) of Figure 6.2 is input-output stable for the con-
troller K € F.

2. The controller K € Fy, has a left-coprime factorization K = K;lKn over
Hy, and the matrix
| D1 Dy —N

A=1"0 _k, K,

(6.33)
is invertible over H.

Proof: 1=-2: Suppose that the feedback system (G, K) of Figure 6.2 is input-
output stable for the controller K € F, and that the left-coprime factorization
over H,, of K is given as K = K;lKn. Denote

I 0 *G12 G11 0 0
T:.= 0 1 7G22 y and S := G21 I 0 . (634)
0 —K I 0 0 I

The inverse of T is
I Gng(I — GQQK)_I G — Gng(I — GQQK)_l
71 = 0 (I — GQQK)_I (I — GQQK)_IGQQ
0 K(I_GQQK)il I+K(I_G22K)71G22

Since the feedback system (G, K) is input-output stable, it follows that T-! € H,
(see Remark 6.14). The loop equations of Figure 6.2 can be written as

z w
T|y |=8S|n (6.35)
u (%)

and multiplying this by the following matrix in H

D 0
2= [0 k]
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gives )
z w
A Yy =B U1 )
L u V2
where we have used that
[ Gi1 Gi2
Dy D =| N1 No |.
[ D1 D2l| gy Gy | =L 2]

For [A B] the following equality holds

(A B]=LR
where
I 0 0O 0 0 O
0 I 0O 0 I O
0 0 0 I 0 O
R= 0 0 -1 0 0 O
0 -I 0 0 00
0 0 I 0 0 I
and

;_[Di D2 i N2 0 0
“lo 0 0 0 K, Kq]|°

(6.36)

(6.37)

(6.38)

(6.39)

Since D, N and K4, K, are respectively left-coprime there exist the matrices E1,

F1, E5> and F, such that
DE,+NF, =1

and
K, Eo+ K F> = 1.
Denote
[X Y]=[A B]R'=L.
We have
E; 0
P00 |
x v e =T
0 £
and using (6.40) it becomes
E; 0
4| 1 0 ]
[ A B }R 0 B | = 1.
0 F

So A and B are left-coprime; namely, there exists a Q) in Hyo,

(6.40)

(6.41)

(6.42)



102 Chapter 6. Hoo sub-optimal control problem

E, 0
Q1 1| F1 O
= =R 6.43
Q [ o ay (6.43)
0 Iy
such that
AQ1+ BQ, = 1. (6.44)

From this we see that the inverse of A (it exists since A = ZT and both of them
are invertible) is given by

A7t =Qi + AT BQos. (6.45)
It remains to prove that A=! € H,,. We know that
AT'B=2zT) Y (ZS)=T"'S

with T71S € H., (see Remark 6.14), hence A~'B € H..,. Recalling the equality
(6.45) and the fact that Q1, Q2 € Ho, we obtain that A=! € H,,. So A is invertible
over H...

2=1: We have that the controller K € F,, has a left-coprime factorization K =
KJlKn over H,, and the matrix A is invertible over H.,. The closed loop equations
(6.31) can be written as

z w
y | = AT'B| v
u V2

with A='B € H., so K is a stabilizing controller for G. [

Now we can reformulate the standard H., sub-optimal control problem into an
equivalent problem involving the coprime factorization of G and K.

Definition 6.18 (The standard H., sub-optimal control problem) Given a
transfer matriz [ —N1 D1 —Ny Dy ] e Hc(,gz+"y)x(nw+"z+m"+ny) find a com-
pensator K € Fx™™ with a left-coprime factorization Kd_lKn, such that the
transfer matriz T.,, (see Figure 6.1) from w to z induced by the frequency domain
equation

A % [A(;l]w (6.46)

satisfies || Towl| . < 7y, where A is given by (6.53) and A € GHoxo.
The compensators K which solve the H,, sub-optimal problem will be called ad-

missible compensators. A compensator will be called optimal if it is admissible and
minimize the infinity norm of T, over all admissible compensators.
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6.3 A necessary condition

We begin with a simple observation. Consider Figure 6.1 and a signal w € La(R)
for which y(t) is zero for all ¢ < 0. For this signal the feedback input u will be zero
for negative times for every causal controller K. This implies a necessary condition
for the existence of a causal, stabilizing v sub-optimal controller K as is given in
the following lemma.

Lemma 6.19 (Necessary condition) A necessary condition for the existence of
a solution for the standard Hs, sub-optimal control problem is that the space

Bl _y, Dl]z{[;”}eHﬂ[m Dl}[;’}em} (6.47)

18 strictly positive in the Ji -inner product.
= -

N, T

Proof: Suppose that K is a stabilizing sub-optimal compensator with bound -,
where 7 is a given nonnegative real number, and let K = K ;lKn be a left-coprime

factorization of K over Ho,. Let :} ] be an arbitrary element in B[ N, Dy ] .

Since the standard H,, sub-optimal control problem has a solution there exists an
input signal v such that the equation (6.46) is satisfied.
From the equation (6.46) and from the equality

z_
Al 0 | = [ Dy }z (6.48)
0 0

we obtain

A ZZZ [A(;l ODIHZ}. (6.49)

Since, by (6.47), the right-hand side of this equality is in Hy z+ny+n“’, and since A €

GHégz +ny+n“)x(nz+ny+n“), we obtain that z — z_, u and y are in Hy. Obviously,

we can write z uniquely as
Z=2Z—zZ_+z_,

where z — z_ € Hy and 2_ € Hy .

We have that the transfer matrix 7., from w to z induced by the frequency
domain equation (6.46) satisfies || 7./ < 7, provided that A has the structure
given in (6.32) and A € GH. We have that

2 2 2
Y lwlly > [zl > ll=-|z,
SO

2 2 2 2 2 2 2 2 2
v lwllz=llz=llz = 7 lwlla=llzllz = 7 [lwlla= [ Tewlls lwllz = (=1 TewllS) ol -
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Using again the inequality > Hw||§ > ||2_||3, we obtain
211112 21 5 2 2 1 2
7 lwllz = le-lz 2 507 = 1 Tewlly, ) (lwlz + 2 lI2-112)-

Dividing by 72 we see that this inequality is equivalent with
1 1 1 1
2 2 . 2 2 2
l[wll3 = e llz-llz = 5 min{1, g}(l 2 1Tz llse) (lwllz + [12-112)-
Recalling that ||T.w| ;< 7, the last inequality means that B [ N. D ] is
o —INVp 1

strictly positive in J1
:

\w,n,-inner product. [ ]

The necessary condition (6.47) holds provided a J-spectral factorization exists.
Lemma 6.20 If there exists a bistable matriz W such that

L, 0

Ni(s)N7'(s) = v*D1(s) DY (s) = W (s) { 0 —I,.

} W™ (s), (6.50)

for almost all s € Cy, and the lower-right n, x n, block Mass of the matriz-valued
function M := W’l[ —Ny Dy ] is bistable, then the set defined in (6.47) is
strictly positive in the Ji-inner product and thus the mecessary condition for the
solvability of the standard H. sub-optimal control problem is satisfied.

Proof: Suppose that there exists a W € GH XM ne) quch that (6.50) is

satisfied. Obviously, M € HégyJFHZ)X(n“’JFHZ). Since W € GH, using Lemma 6.11
we have that

B =B
[~ Dy ]~ B
Partition M as
M1 Mo
M =
{ Masy Moo ] ’

where My € HX™™ Mg € Had ™", My € H?:*™ and Myy € GH?*"=. By
(6.50) M satisfies the conditions 1 and 2 of Lemma 6.8 and thus M is co-J, n, n.-
lossless, i.e.

M(S)Jv,nw,nzM(S)* < Jny7nz’

for almost all s € C,.. The lower-right n, xn block element of the above inequality
is:
Moy (8)May (8)* — 7> Mas(s)Maa(s)* < —1I,,. <0,
for almost all s € (C_+ Since Moy € GHZ=*"= it follows that H = MilMgl has
the Hoo-norm strictly less than . So by Lemma 6.12 we obtain that Bz, a,,]
is strictly positive with respect to the Ji , . inner product. Obviously, By C
.4,

Bty My,) and since Bi_y, p,] = Bas, the conclusion follows. [ ]
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6.4 A two-block problem

In the next section we show that if there exists a bistable matrix-valued function
W such that (6.50) holds, then the standard H. sub-optimal control problem is
solvable if and only if a related two-block problem is solvable. In this section we
formulate and solve a sub-optimal two-block problem.

Definition 6.21 (A two-block problem) Let L € H= ) (metm)
be given and consider the equality

[?ﬁ ]:L“ﬁﬂ (6.51)

for some K, e H@ ™ K, € Hx""™ . The sub-optimal two-block problem is to
find a K € Fy with the right-coprime factorization K = Kan_l over Ho, such
that

1. Fy is bistable and

2. |\mFy Y|, <1

..
Lemma 6.22 Let L be given by
L=W~'Dy — Ny, (6.52)

where W is a bistable matriz-valued function, and

— 0 Inw 0 Iny
R_[Inz . }L{Inu . } (6.53)

If there exists a bistable matrix V' such that
RN(S)an,an(S) = VN(S)Jny,an(S)a (654)

for almost all s € Coy, and the lower-right n, x n, block of the matriz RV =1 is
bistable, then two-block problem is solvable and the set of all K which solves the
two-block problem is given by K = Kan_l, where

{ II?; } =V { I[Zy ] : (6.55)

with U € Hoo such that ||U| g, < 1.

Proof: Suppose that there exists V' € GH such that (6.54) is satisfied, and the
lower-right n,, x n, block of the matrix RV ~! is bistable. We consider the following

equality
o K,
[FQ]_R[Kd]' (6.56)
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where K, and K, are given by (6.55). We have that

o v | =to v [T =to 1) ] =1

which means that K, and K, are right-coprime. Consider the controller K =

K,K;', then
{ ? } = RV! { IU } , (6.57)
2 Ty

where U € Hy and |U|lg,., < 1. Lemma 4.4 shows that F» is bistable and
| FLFy ||, < 1. So the two-block problem is solved.

It remains to prove that for every K which solves the two-block problem there
exists a right-coprime factorization K = KnKJ1 such that K, and Ky have the
form given by (6.55), with U € Ho and ||U||z., < 1.

Consider a K which solves the two-block problem, with the right-coprime fac-
torization K = X, X, '. From (6.56) we have that

[2}=R[§Z]=(RV—1)V[§Z}:Rv—l[gl], (6.58)
where { g; } _ V[ ))gz } . (6.59)

Since K solves the two-block problem, Fj is bistable and ||FyFy ||z, < 1. Using
also the assumption that the lower-right n, x n, block of the matrix RV ! is
bistable, we can apply Lemma 4.4 and obtain that (s is a bistable matrix and

1Q1Q3 | a.. < 1.
We have that

X ]y [ @] [ @0
a0 e

and since Q2 is bistable, K = KnKJI, where K,, = Xanl and K4 = Xngl, is
another right-coprime factorization of the controller. If we denote now U = Q1Q5 L
we see that K, and Ky satisfy (6.55), U € Hy and ||U|| g, < 1. ]

6.5 H,, control for the Nevanlinna class

In this section we show that the standard H,, sub-optimal control problem, as
reformulated in Definition 6.18, can be solved, provided that two J-spectral fac-
torizations have a solution.

In the first theorem of this section we show that if the J-spectral factorization
(6.50) is solvable, then the H., sub-optimal control problem is solvable if and only
if a related two-block problem is solvable.
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Theorem 6.23 (Reduction to a two-block problem) Consider the standard
H, sub-optimal control problem of Definition 6.18. Assume that there exists a
bistable matric W such that (6.50) holds, with the lower right n, x n, block of the
matrix W*I[le D] bistable. Then there exists a stabilizing controller K € Fu,
for the system (6.29) solving the standard Hs sub-optimal control problem if and
only if the two-block problem of Definition 6.21, with

L=W7' Dy —Ny|] (6.60)
is solvable. Moreover, the solutions for both problems coincide.

Proof: The proof will be given in four steps.

In step 1 we obtain the equivalent condition for the stability of the closed-loop
system. In step 2 a similar result is obtained but now for a system related to the
two-block problem. In the last two steps the necessary and sufficient condition of
the theorem is proved.

Step 1: Let K € F, be any stabilizing controller for the plant (6.29), and let
K = Kd_lKn be a left-coprime factorization over H,,. The closed-loop system is
given by

w
7N1 D1 DQ 7N2 z _
[ 0 0 -K, K, ] y | = 0. (6.61)
U
Denote
| D1 Dy =Ny
Q.= { 0 -K, K, } . (6.62)

From Theorem 2.35 we know that K has a right coprime factorization over H,
ile. K = Kanjl. Furthermore, by Curtain and Zwart [23] Lemma A.7.44, page
661, there exists a matrix-valued function U invertible over H., of the form

o kd *
U—{f(n *] (6.63)
such that
[ -K, Ky ]U = [ 0 I,, ] (6.64)

Defining the signals [; and [y using this U, via

[i]U[g} (6.65)

we obtain the following equivalent representation for the system

w
~N; Dy DyK4y— NoK, z |
[ o 0 0 Inu] L] =0 (6.66)
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[Z]:U“;} (6.67)

However I,,, l2 = 0 is the same as [ = 0, and this representation becomes

[ D1 Dgf(d—NQf{n } |: ZZ :| :le (668)
1
K
H}:[I?Hh (6.69)
ly = 0. (6.70)
Since
I,. O [ Dy Dy —-N, L. 07

Q{o U] = {o K, KdHo U] (6:71)

[ D1 DyK4— NK,  «
= { 0 0 Inu} (6.72)

and U € GH, we have the following equivalence

Q€ GHy ifand only if [ D1 DoKy— NoK,, | € GH. (6.73)

Step 2: Using the bistable matrix-valued function W which satisfies relation (6.50)
we define

[-Ni Dy Dy —No |=W™'[-Ny D1 Dy —Ny]. (6.74)

Furthermore, for the plant

(2] o] (5] 8] e

we define the closed-loop system (see (6.28))
w
I, 01 ~ !
{ 0 ] { I, ] Do =N 120 g, (6.76)
Y
u

where K is a controller of the form K = K;lKn, w is the new exogenous input,
and the new to be controlled output is Z.
We define the matrices F} and Iy via

B]ere m [ ]ewie mI[R] e
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where K,, and K4 are given in (6.63).

Denote
0 - .
Q:= [In} Dz =Na | (6.78)
0 -K, Ky

o ] )
Q{ Igz 8} = [Inz } Dy =Ny [ Igz 3] (6.79)
0 K, Kg4
0 A
= | L. A * |. (6.80)
L0 0 I,

Since U € GH, the following equivalence holds

Q € GH,, if and only if F, € GHo. (6.81)

[ 2 ] — Ut [ ' ] (6.82)

and (6.79), (6.80), we obtain the equivalent representation for the new system
(6.76)

Using

0 FQ * z *Inw
I,. F Ih | = 0 i (6.83)
0 0 I, ly 0
y | _ Iy
[v]-o]b]. 631

Suppose that the controller K stabilizes the closed-loop system (6.76). Using
Lemma 6.17 we have that € GHy, and thus Fy € GHo, see (6.81). Conse-
quently, we can write

l, = 0,
L = —Flw,
F——

which gives us the transfer function from w to z , namely

Teq = FLE; L. (6.85)

Step 3: In this step we show that if the standard H., sub-optimal control prob-
lem is solvable, then the two-block problem is solvable. Suppose that the system
(6.29) is stabilized by some controller K € Fy, with K = Kd_lKn a left-coprime
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factorization over Huo, such that || Tu||m., < 7, for some positive real number +.
By Lemma 6.17 and the equivalence (6.73), this implies that

Dy DyKy4— NoK,| € GHoo,

where K4 and K,, are given by (6.63). We will prove that the system (6.76) is
stable, which is equivalent (by (6.81)) to Fy € GHy. Furthermore, we will prove
that || F1Ey ||z, < 1. Define

E:=[ D, DyK,—NK,] ', (6.86)
- . . T
and partition E' compatibly with F = [ v } . Then
T ~ ~ I,. O
[ v ] [ D1 D:K4— NoK, | = [ 0 I, ] : (6.87)

Multiplying both sides of the system (6.68) from the left by F, and using (6.87),

we get
I,. 0 z | | TNy
o L] 639

For [Hy H>] defined by
(A R ]:=T[-N D], (6.89)
we have from (6.87) that Fy = I,,, € GHs. From (6.89) and (6.88), we have that
17y Fill, = 1TN: e = I Towll e <

Denote
[ Tv T | =TW, (6.90)

v (A R]=[Ty T, |]W'[-N: Di]. (6.91)

Since (6.50) holds, we have that the matrix X = W ~[—N; D] satisfies
XJX~=J

almost everywhere on the imaginary axis. Moreover, we made the assumption
that the lower-right block of the matrix X is bistable. So, the conditions from
Lemma 6.8 are satisfied. Applying this lemma we obtain that W~=[—N; D] is
co-J-lossless. We apply now Lemma 4.5 and conclude that

Ty € GHyo and | Ty ' T || i, < 1.
For F} and F, as defined in (6.77), that is

(5]t n[£] o[ ]



6.5. H, control for the Nevanlinna class 111

we have the following sequence of equalities

~ ~ FQ (6.90) FQ
| Ty TQ][FJ = TW[FJ

I Py -1 (DQf(d _ Ngf(n)
- T (szfd - Ngf(n) . (6.92)

Now, using (6.87) and (6.92), we have that

. Fy
T T =1 =0
(5 n)| 2=
which is equivalent to o o
T1Fs +T5F; = 0. (6.93)

Using again relation (6.87) and also (6.77) gives that

- (6.94)

T Ty
I 0

. _ I, 0
]W‘l [ D1 DyKq— NoK, | = [ N }
which, together with W € GH,, and [ Dy DyK4— NoK,, } € GH.,, implies the
equivalence B ~
Ty, € GH if and only if Fy, € GH. (6.95)

Since Ty € GHy, we get Fy € GHo. Now, using (6.93) we obtain

FFy =T, ', (6.96)

S0 o
[P Es la, < 1.

Step 4: In this step we show that if the two-block problem is solvable, then the
H, sub-optimal control problem is solvable. Using the notation of (6.77) we know
that Fy € GHo and |[F1Fy Y|, < 1. Furthermore, let K = K; 'K, be a left-
coprime factorization of the controller K = f(nffd_l which solves the two-block
problem. Using step 2 and Lemma 6.17 we see that K = K;lKn is a stabilizing
controller for the system (6.76) and that ||Tzg| g, < 1. We have to prove that
[ Dy DK, — N>2K, } € GHy, and HTszHm < . Define

[ F1 F2 } = [ —Tguj I ]Wﬁl[ —N1 D1 } (697)

Using the fact that the matrix W1 [ —-Ny Dy } is co-J-lossless and the assump-
tion that ||T:g|| < 1 we can apply Lemma 4.5 and obtain that

| Es  Fillg. <~ and Fy € GHo.
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From (6.97) we see that | Ty z., = || Fy "Fillm.. . Also from (6.97) we have that
| —T:6 I |W™'Dy=F (6.98)

and using (6.77) it follows that
1 = = FQ
[ 0]W Y DyKy— NoK,)=[ I 0]{~ ]:FQ. (6.99)

Combining (6.98) and (6.99) and the fact that

1 Ky (6.77) Fy
| —T:w L., |[W'[ Dy —Ny | [ i, = | Tz In. | I
R N R o))
the following equality holds
Tz L, 1 ~ ~ 0
|: Inw’w 8 :| 1% [ Dy DyK;— NoK, } = |: " FQ :| . (6100)

Since Fb, F, and W are elements of G H,, we have that [ D1 DyK,— NoK,, ] is
in GH. Using the step 1 we conclude that the standard H., sub-optimal control
problem is solved. [ |

We summarize the results in the following theorem.

Theorem 6.24 Consider the standard H., sub-optimal control problem in the
form (6.28). If there exist bistable matrices W and V' such that (6.50) and (6.54)
hold, with the lower-right n, x n, block of the matriz W1 [ —-N, Dy } bistable
and the lower-right n, x n, block of the matriz RV ' bistable, then the H, sub-
optimal control problem is solvable and the set of all stabilizing controllers is given
by (6.55).

Remark 6.25 Using Lemma 6.8, we see that the above theorem states that if there
exist bistable matrices W and V' such that W1 [ —N1 D } 15 co-J-lossless and
the matriz-valued function RV ~1 is J-lossless, then the standard Ho, sub-optimal
control problem is solvable, and we have a formula for all stabilizing controllers for
this Hy, control problem.

Remark 6.26 For rational transfer functions, the existence of a stabilizing con-
troller implies the existence of bistable transfer matrices W and V' such that (6.50)
and (6.54) are satisfied. However, for our class of transfer functions this no longer
holds. We refer to Staffans, Ball and Spitkowski for a counterexample. In the fol-
lowing section we prove that, for transfer functions in a quotient field of the Wiener
algebra, the above result is an if and only if result.

We can write, similar to the rational case (see Meinsma [49], page 64), the following
algorithm.
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Algorithm 6.27 Let us consider a stabilizable plant G € F.

Step 1: Find a left-coprime factorization of the plant
G=D"'N

as in (6.25), with D = [Dy D3] and N = [Ny N3] corresponds to the partitioning
of the output and the input of G.

Step 2: Choose a real strictly positive .

Step 3: Compute, if possible, the matric W € GHoo such that (6.50) holds.
If this solution exists and if the lower-right n, X n, block of the matriz-valued
function W1 [ —-Ny Dy } is bistable, then proceed with the next step.

Step 4: Compute, if possible, the matriz V€ GHs such that (6.54) is satisfied.

If this solution exists and if the lower-right n,,, X n,, block of the matriz RV~ s
bistable, then proceed with the next step.

Step 5: Choose an arbitrary U € Hy, of appropriate size such that ||Ullg,, < 1.
A stabilizing controller for the standard Ho, sub-optimal control problem is given
by K = Kanl, where K, and K4 are given by (6.55).

6.6 H. control for two classes of infinite-dimensional
systems

In the previous section we proved that if two J-spectral factorizations are solvable,
then the standard H,, sub-optimal control problem is solvable. For the two classes
of transfer functions (BO and B_) considered, we show that this result is necessary
and sufficient. Hence we need to show that the solvability of the standard H, sub-
optimal control problem implies the existence of the two J-spectral factorizations.
The main tool in proving the existence of the J-spectral factorizations is the notion
of equalizing vectors introduced in Chapter 3. We will formulate all the results for
B_. For By similar results can be formulated and then proved in an analogous
manner.
Let G € B™™ be a stabilizable plant and let

G = [Dy Dy] " [Ny Ny

be a left-coprime factorization of G over A_, where [D; D] and [Ny Ny] are par-
titioned with respect to the outputs and inputs, respectively. This factorization
exists since G € B_ (see Chapter 2, Section 2.3). Since A_ c Ac Hy, we may
call the elements of A_ stable matrix-valued functions. Moreover, a matrix-valued
function is called bistable if it is stable, its inverse exists and it is also stable. The
following theorem states the main result of this section.
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Theorem 6.28 The standard Ho sub-optimal control problem has a solution K €
B_ if and only if there exist bistable matriz-valued function W and V' such that
N (5)N7 () = /D1 (5)D7 (5) = W (5) Ty o W™ (5), (6.101)

for all s € Co with the lower-right n, x n, block My of M := W1 [ —Ny Dy ]
bistable, and

R™(8)Jn,m.R(s) = V7(8)Jn,m, V(s) (6.102)
for all s € Cy, where
0 I, _ 0 I,
R = { L. 0 }W =Ny Dy] [ L. o ] (6.103)

and the lower-right n, x n, block of the matriz RV ~! is bistable. Moreover, the
set of all stabilizing controllers K € B_ is given by K = K;lKn, where

[ Iéz } =y [ I[Zy ] , (6.104)

with U € A_ such that |U ||z, <1.

Similarly as in Definition 3.3 and Definition 3.7 we introduce the notions of
co-J-spectral factorization and co-equalizing vector.

Definition 6.29 Let Z = Z~ € W be a matriz-valued function. We say that Z
has a co-J-spectral factorization if there exists a matriz-valued function W € GA
such that

Z(s) = W(s)JW™(s) for all s € Co U {o0}. (6.105)
A solution W of (6.105) is called a co-J-spectral factor of the matriz-valued func-
tion Z.

Definition 6.30 A vector u is a co-equalizing vector of the matriz-valued function
Z € W if u is a nonzero element of Hy with Zu in Ho.

The following theorem can be proved similarly as Theorem 3.9.

Theorem 6.31 Let Z = Z~ € W be a matriz-valued function such that det Z (s) #
0, for all s € Co U {oo}. The following statements are equivalent

1. Z admits a co-J-spectral factorization;

2. Z has no equalizing vectors.

Incase Z = Z~ € W_ C W, it can be proved that the J-spectral factor is invertible
over A_, so it is a bistable matrix-valued function. (see Bart et al. [9]).

The following lemma provides the existence of the bistable matrix W such that
(6.101) is satisfied.
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Lemma 6.32 Assume that det(N1N7* — D1 D7) # 0 on Co U {oco}. If the space

Bl _p, Dl]{[f}eHﬂ[—m Dl][:”}eﬂg} (6.106)

is strictly positive in the J1 ,, . -inner product, then there exists a bistable matriz-
L nw,ns
valued function W such that the equality (6.101) is satisfied.

Proof: We prove, by contradiction, that there is no vector v € Hs- such that
[ —N1 D1 } J[ —N1 D1 }N’U S HQ. (6107)

Thus we prove that [ —N1 Dy } J[ —N1 D } has no co-equalizing vectors.

Suppose that v € Hi- is a nonzero vector satisfying (6.107). Since [-N; D] € A
we have that
U:J[*Nl Dl} UEB[*Nl Dl]

On the other hand

(u,Juy = (J[ =N1 Dy ]| v, JJ[ =N1 D1 ] v)
= <[ —N1 D1 ]N’U,J[ —N1 D1 ]N"U>
= <’U,[*N1 Dl]J[*Nl D1 ]N’U>:0
since v € H2l and [ —-N1 D }J[ -N1 D ]Nv € Hy. This contradicts the
strict positivity of the space B [ N, D ]

Using Theorem 6.31 we have that there exists a bistable matrix-valued function W
such that the equality (6.101) is satisfied. [

A transposed version of Lemma 4.4 can be proved in the same way as in the
proof of Lemma 4.5.
Lemma 6.33 Let M € A7) (retne) i, Ny = Ny, and suppose that

M(8)Jyn, n.M™(5) = Jny ., for all s € Co U {oo}. (6.108)

Consider the equality

My My, } (6.109)

(A BR]=[U UQ}{Mm Mo

with Fy € A"*" Fy ¢ A"*" Uy € A™*™, Uy € A™*" My, e A™ "™,
My € A™" My € A*™ and My € A™*"=. Then the following two
conditions are equivalent

1. F5 is bistable and HF{lFl <.

..

2. Moo and Uy are bistable and HU2_1U1HHoo < 1.
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We formulate the sub-optimal two-block problem, and give sufficient conditions
such that the standard sub-optimal H., control problem to be reduced to the sub-
optimal two-block problem.

Definition 6.34 Let L € A(_nz+n“’)x("”+ny), (ny = ny) be given and consider the
equality
2 Ky
=L| - 6.110
RiNdb o0

for some K, € A’r_tyxny7 K, € A™"™ . The sub-optimal two-block problem is to
nd a K € AO wi e right-coprime factorization K = ~n < over A_ suc a
d a K € By with the right torization K = K, K A h that

1. Fy is bistable and

2. |RAFY, <1

..

As in Lemma 6.17, one can prove that the definition of the standard H,, sub-
optimal control problem can be reformulated as follows.

Definition 6.35 Given a transfer matrix

[ —N1 Dy —Ns; D, } GA(,nz+ny)X(nw+nz+n”+ny),
find a compensator K € B™ ™ with a left-coprime factorization Kd_lKn, such
that the transfer matriz T.,, (see Figure 6.1) from w to z induced by the frequency
domain equation

z
Aly | = [ A(;l ]w (6.111)
u

satisfies || Tow|| . < 7y, where A is given by

(6.112)

A Dy Dy —Np
- 0 —-K, Ky ’

and it is bistable.

Theorem 6.36 Consider the standard Hs, sub-optimal control problem of Defi-
nition 6.35. Assume that there exists a bistable matriz-valued function W such
that (6.101) holds, with the lower right n, x n, block of the matriz W~1[—Nj D]
bistable. Then there exists a stabilizing controller K € B_ for the given plant
solving the standard Hoo sub-optimal control problem if and only if the two-block
problem, with

L=W7' Dy —Ny| (6.113)

has a solution. Moreover, the solutions for both problems coincides.
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Proof: The proof follows the same lines as in the proof of Theorem 6.23. ]

Sufficient conditions for solving the two-block problem are given in the following
lemma.

Lemma 6.37 Let L be

L=W7YDy — Ny, (6.114)
and
— O Inw 0 Iny
R= [ L. 0 }L{ L. 0 } (6.115)

If there exists a bistable matriz-valued function V' such that
R™(8)Jnym.R(8) = V7(8)In, n, V(s) for all s € Co, (6.116)

and the lower-right n, x n, block of the matriz RV~ is bistable, then the sub-

optimal two-block problem is solvable, and the set of all solutions K € B_ is given by
K = K,K;', where K,, and K, satisfy (6.55) with U € A_ such that |U||pg.. < 1.

Proof: The proof follows the same lines as in the proof of Lemma 6.22. The
fact that K € B_ can be proved similarly as for Theorem 5.12 (see the implication
2=1,). ]

The following necessary condition should hold for the solvability of the sub-
optimal two-block problem.

Lemma 6.38 A necessary condition for the sub-optimal two-block problem to have
a solution is that the equality (6.116) holds for some bistable matriz-valued function
V.

Proof: Let L be given by (6.114) and suppose that the sub-optimal two-block
problem has a solution K = Kan_l € B_. From the equality (6.110) we have that

[2 ]:R[KI:(Z]' (6.117)

From Lemma 6.12 we have that the set generated by [ Fr Ff ] is strictly positive
in the J,,_ n,-inner product. Using the equality (6.117), we obtain that

B[ FlT FQT]B|: Kn :|TRT7
Ky

so the space B -inner product. Since

K,
the following inclusions hold,

:|T is strictly positive in the J,
RT

~ T ~ T
K, Ky
|: Rd :| RTBRT C |: Rd :| Hy C HQ,



118 Chapter 6. Hoo sub-optimal control problem

we have that

n

BRT CcB f( T .
RT
Kq
Due to the fact that Brr is a subset of a strict positive subspace it is strict positive
itself. In a similar way as in the proof of Lemma 6.32, it can be shown that there
exists a bistable matrix-valued function V7 such that the transposed version of the

equality (6.116) is satisfied. It results that V satisfies (6.116). ]

Proof of Theorem 6.28:

The sufficiency follows from Theorem 6.36 and Theorem 6.37. For the neces-

sity we see from Lemma 6.19 that strict positivity of the space B N. D ]
-V 1

is a necessary condition. Applying now Lemma 6.32 we have that there exists
a bistable matrix-valued function W such that the equality (6.101) is satisfied.
Since the standard H., sub-optimal control problem is solvable, using Lemma
6.33 and the equality (6.91) we obtain that the lower-right n, x n, block My of
M :=W~'[ =Ny D | is bistable.

Applying Lemma 6.38 we have that the equality (6.54) holds. Since the two-
block problem is solvable, from the equality (6.55) and Lemma 4.4 it follows that
the lower-right n, x n, block of the matrix RV ! is bistable.

The fact that all solutions have the form (6.104) is a consequence of Lemma
6.22.

6.7 Example

In this section we present an example which illustrates how we can apply the
Algorithm 6.27 to a systems with delay.
Consider the plant G given by

0 _s=VIEET s
G=1 s o (6.118)
s—1 s—1

It is easy to see that G = D~'N, where

0 s—1
— s+1
v - [T
1 —Ts
N - 1 — 1€
- 0 _Sfx/lJre—*Q"e—Ts ’
s+1

is a left-coprime factorization of G' over A. Let v > 0 be a given real number. We
will find a matrix W € GA such that the equality

NiNy =~+°D1Dy = W W™, (6.119)
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with

w - [1]

- [t]

holds on the imaginary axis. We compute the left hand side of the equality (6.119)

1
NN —+*D DY = [0}[1 0]72{(”[0 1]
(1 0
= o 4

If we take the matrix W to be W = 3
en by

0 1]

We have that the lower-right element of the matrix

1 -1 07 [-1
0 o 1| |0
is a constant, so it is bistable.
We will find, using the procedure described by Meinsma ans Zwart [51], a matrix
V € GA such that the relation

} the equality (6.119) holds. The
b
0
l

1
0
inverse of the matrix W exists and it is givi

W[ -N Dl}z[

2= O
—_

2= O

R J1ZR=V"~J1,V (6.120)
is satisfied on the imaginary axis, where
[0 1 0 1
R = _10]L[10]’ (6.121)
L = W'[Dy —N; ], (6.122)
r s—1
— s+1
D2 I 0 :| )
[ 7lerle_T6
No = | _svize —rs |-
s+1
Replacing W1, Dy and N in (6.122), we obtain
L [ 10 ] o g
0 ; 0 é_\/sjf e~ TS
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and using the definition of the matrix R given in (6.121) we have that

R = 0 1 Z‘T’i lerleiTS 0 1
10 0 Le=VlEe oo 10
1s—V1+e 27 e~ TS 0
= i irle_” a1 (6.123)
s+1 s+1

1s+Vite 27 eTs L 7s 1 0 1s—Vlte 27 e TS 0
R™Ji 1R = v i [ ] LA s—1
) 5 — —Ts 5 —
L 0 s—1 0 1 s+le s+1
i 1 s+V1+e 27 eTs 1 eTs 1s—V1+4e 27 —715 0
= v i vt s—1
s .
L 0 T s—1 s+le s+1
[ 1 s2—1—e"?7 + 1 1 e7s
_ IR -1 s+l (6.124)
_ 1 e TS -1 :
L s—1
We write ﬁe‘” as the sum of a stable part and a rational part
1 —Ts
8716 :Fstab(3)+F7'at(3);
where
e—’TS _ e—T
Foap(s) = — 7 (6.125)
6—7'
Frat(s) = .
rat( ) s—1
. . ~ . . 1 —F3.
We multiply the matrix R~J; 1R to the left with the matrix 0 f @ and
to the right with the matrix and choosing v = 1 we obtain
_Fstab 1
1 7Fs~tab ~ 1 0 _
[ 0 1 RZJaR —Faa 11|
r Ts__—T 2 _4__—27 )
— 1 76_;_61 :| . 5127811 + 52171 s}FleT6 |: 71‘: e 7 0 :|
s e T
L 0 1 —5e —1 s p
[ .2 _1__—27 TS —T __. . Ts_ _—T
= . 512761 + 521171 - 52f1 e lerleT‘S - < erel |: 6771 T 0 :|
s _
L 1€ -1 s—1 1
| o= ]
L _271 -1
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We consider the following matrix function

1 e
Q= [ s+\/51+4_167,2, ] (6.126)
0 =5
The equality
1 e "
[ e~ 7 SJF; ‘| = QNJI,IQ (6127)
- -

holds on the imaginary axis.
Since det ) € GH,, the matrix function @ is bistable. We define the matrix
function V to be

1 0
V=Q [ R 1 ] , (6.128)

where Fyqp and @ are given in (6.125) and (6.126). With this V, the equality
(6.120) is satisfied on the imaginary axis.
Explicitely V is given by

e -
_ s2—1 s+1
V= _enameme e sidarew |- (6.129)
s2—1 s+1
0.8
0.6 q
04r q
021 T
ol |
-0.21 q
o |
-0.6- T
o e
0 0.2 0.4 0.6 0.8 1 12 1.4

Figure 6.3: The Nyquist plot of (RV ~1)a5.

Using (6.123) and (6.129) we obtain that the lower-right element of the matrix-
valued function RV 1 is
s+ 1—2e TSe" T + 6—27'

RV N9y = . 6.130
RV )z Y (6.130)
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We see in the Figure 6.3 that the Nyquist plot, for 7 = 0.2 does not encircle the
origin, which means that (RV ~1), is bistable.

All the conditions required for applying the algorithm described in Algorithm
6.27 are satisfied, and thus we can construct a H,, sub-optimal controller

s+VIt+te 2 —e T
2s+V1+e T +1—e 7
S—e T s+\/l4e 2T —e T
s—1 2s+Vite 2T 4+1—eT

K(s) = Fgab(s)

—T

e

for 7 = 0.2.



Chapter 7

The Nehari problem in
decomposing R-algebras

Introduction

In this chapter we show that the sub-optimal Nehari problem, as presented in Chap-
ter 3, can be formulated and solved in an algebraic context, without substantial
changes to the proofs.

We show that one can obtain a J-spectral factorization in a Banach algebra
with identity, provided that it contains the set of rational functions as a dense set
and it is continuously embedded in the Banach algebra of continuous functions on
the imaginary axis with a well defined limit at infinity. The Wiener algebra on
the imaginary axis is an example of such space. The Nehari problem can then be
solved, using the existence of a J-spectral factorization.

7.1 Definition and properties of Banach algebras

As before, we denote by C the set of complex numbers. For the definition of a
Banach algebra, we recall first the definition of a Banach space.

Definition 7.1 (Banach space) A Banach space is a complete, normed linear
space.

Definition 7.2 (Banach algebra) A Banach algebra is a complex Banach space
B with a multiplicative operation satisfying the following properties:

1. (wy)z = x(y2),
2. x(y+2)=ay+axz, (y+ 2)r =yx + zz,
3. a(ry) = (ax)y = x(ay),

123
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4 Nyl < llzllllyll,

where x, y, z € B and a € C.

If xy = yx for all x,y € B, then B is called a commutative Banach algebra. An
element e € B is the identity or unit in B if ||e]| = 1 and ex = xe = x for all x € B.
A Banach algebra with a unit is called o unital Banach algebra.

From the properties of the norm, the algebraic operation on B of addition and
multiplication are continuous.

The following theorem gives some properties about the invertible elements in a
Banach algebra (see Gohberg et al. [30], Theorem XXIX.4.1).

Theorem 7.3 Suppose that x € B is invertible. If ||z — y|| < ||z~ 72, then y is
invertible and

o0
y =Y T @yt
k=0
and .
||9371 71H < ” ” Hl‘*yH .
1 —{lz= [z -y

In particular, the set G of invertible elements in B is an open set in B, and the

map x — x~ ' is a homeomorphism from G onto G.

Let B be a Banach algebra. By B™*"™ we denote the set of all n X m matrices
a;;]7 with entries in B. We endow wi e usual matrix operations an
;i with entries in B. We endow B™*™ with th 1 matri ti d
the induced norm.

llaij]ll := max ZH%II

With this norm and multiplication, B"*™ is a Banch algebra. If B has a unit e
and n = m, then B™*"™ also has a unit, namely, the n x n matrix F with e on the
diagonal and zeros elsewhere.

In the commutative case the determinant is very useful. For a proof of the
following result we refer to Gohberg et al. [30], Theorem XXIX.8.1.

Theorem 7.4 Let B be a unital commutative Banach algebra, and let Z € B™*™.
Then Z is invertible in B™*™ if and only if det(Z) is invertible in B, and in that

case Z~1 is given by the Cramer’s rule.
We end this section with the definition of decomposing Banach algebras.

Definition 7.5 (decomposing Banach algebra) Let B be a unital Banach al-
gebra. We call B a decomposing Banach algebra if B has closed subalgebras B
and B_, both containing non-zero elements, such that

B=B_&B,4,
where by & we denote the direct sum.

Let P be the projection of B onto B4 along B_, and @ := I — P. Using the
closed graph theorem, it is easy to see that P and ) are bounded operators.
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7.2 Factorization in decomposing Banach algebras

The following abstract result, regarding factorization in decomposing Banach alge-
bras, holds.

Theorem 7.6 Assume B = B_ ® By is a decomposing Banach algebra. If a € B
and ||a|| < min{||P||~4 ||Q| "'}, then e — a factorizes as

e—a=(e+b_)(e+by)
with e + by invertible in B and
by € B, (€+b:|:)71 —e€ B

Furthermore, the elements by and b_ are uniquely determined by a and are given

by
by = (e+xy) ! —e,

where x4 € By and x_ € B_ are the unique solutions of the equations
x4 — Plazxy) = Pa, z— — Q(z_a) = Qa.

Proof: The proof of this theorem can be found in Gohberg et al. [30], Theorem
XXIX.9.1. [ |

Now we can continue with Banach algebras of continuous functions. Let C be
the Banach algebra of continuous functions on the imaginary axis (Cp) with well
defined limit at infinity; i.e., for any f € C,

lim f(s)
|s]—o00
exists. We call Cy U {oo} the extended imaginary axis. This can be seen as the
compactification of the imaginary axis with the point at infinity via the Cayley
transform of the unit circle (see also Chapter 3). By C™*™ we denote the Banach
algebra of n x n-matrices with entries from C. The norm of an element Z € C"*™
is defined by
1Zlleo = sup [ Z(B)]].
teCop

The space C™*™ can be viewed as the space of continuous maps from Cgy into the
space C™*™ of complex-valued n x n-matrices, where the norm of an element in
C™*™ is its norm as an operator on the finite-dimensional space C™. The group of
invertible elements GC™*™ in C™*™ consist of those elements Z satisfying

det Z(s) # 0

for any s on the extended imaginary axis.
Let B¢ be a Banach algebra continuously embedded in C, such that it contains
the identity e(t) = 1. The norm on B¢ will be denoted by ||-||ge. Define B to be the
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subalgebra consisting of those f € B¢ that have an extension which is continuous
on the closed right half-plane, C, and analytic in the open right half-plane, C,
and have a well-defined limit at infinity

lim  f(s).

|s|—o0

Re(s)>0

Let B§ _ consist of those f € B that have an extension which is continuous on the

closed left half-plane, C_, and analytic in the open left half-plane, C_, and have
limit zero at infinity

lim f(s) =0.

Re(5 50
B¢ and Bf _ are closed subalgebras of B¢ (see Clancey and Gohberg [13], pg. 40).
We define now the notion of a decomposing Banach algebra of continuous functions
on the extended imaginary axis.

Definition 7.7 (decomposing Banach algebra of continuous functions)
Let B¢ be a Banach algebra continuously embedded in C, such that it contains the
identity e(t) = 1. We say that B¢ is a decomposing Banach algebra of continuous
functions on the extended imaginary axis if

B® =B{_ ®B:.

We have the following characterizarion of decomposing Banach algebras (see
Clancey and Gohberg [13], pg. 40).

Theorem 7.8 Let B¢ be a Banach algebra continuously embedded in C, such that
it contains the identity e(t) = 1. Then B¢ is decomposing if there exists a projection
of B¢ onto BS which is a bounded operator on B€.

We mention that C is not a decomposing Banach algebra. The fact that
C#Co_dCy

is demonstrated by Hoffman (see Hoffman [34], pg. 155).

Note that B§ C Hu, so we can call the elements of BS stable transfer functions.
We call an element [ € B¢ bistable if f is stable, its inverse exits and it is also stable.
Similarly as in Chapter 3 and 4, respectively, we can define the Toeplitz and the
Hankel operators associated to a transfer function in B€.

Let R(Cy) be the algebra of rational functions that are in C. Note that R(Cy)
has a natural direct sum decomposition, but it is not a Banach space (the com-
pleteness does not hold). Next we define the standard factorization (known also as
Wiener-Hopf factorization) and the J-spectral factorization in decomposing Banach
algebra of continuous functions on the imaginary axis.
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Definition 7.9 (standard factorization) Let B¢ be a decomposing Banach al-
gebra of continuous functions on the imaginary axis such that R(Cy) C B°. Let sy ;
be fized points in Cy. An Z € GB®"*™ is said to admit a standard factorization
relative to the imaginary axis in B€ if Z can be decomposed as

7Z=27_DZ,,

where Zy € GBY™ ™" and

_ k1 _ kn
D(s)diagK%) () ],se@o, @
3 sT

with k; € Z and k1 > ... > k. The integers k; are called (the right-) partial indices
of the factorization. In the case k1 = ... =k, =0, so thal,

Z=27_7,, (7.2)

then Z is said to admit a (right-)canonical factorization relative to the imaginary
azxis.

Recall that we have made the following notation (see Chapter 2)

I 0
L[]

Definition 7.10 (J-spectral factorization) Let B¢ be a decomposing Banach
algebra of continuous functions on the imaginary axis. An Z € GB“"™*" is said to
admit a J-spectral factorization relative to the imaginary axis in B¢ if Z can be
decomposed as

Z=7Z_JZ,

where Zy € GBS ™.

Before we establish results about the existence of the above factorizations, we
introduce the notion of an R-algebra.

Definition 7.11 (R-algebra) A Banach algebra B¢ of continuous functions on
the extended imaginary axis is called an R-algebra if it contains R(Cy) as a dense
set.

We present the Wiener algebra on the imaginary axis as an example.

Example 7.12 The Wiener algebra on the imaginary axis is a decomposing R-
algebra (see Chapter 2).

Recall the following notation from Chapter 2
F~(s):=F(-3)"

where by A* we denoted the transposed conjugate of the complex matrix-valued
function A. We see that if /' € B¢, then I~ € BC.

Using Theorem 7.3, it is possible to prove the following result (see also Gohberg
and Krupnik [31], Lemma 8.2, pg. 75).
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Lemma 7.13 Every R-algebra is inverse closed. This means that any f € B€
satisfying det f(s) # 0 for s on the extended imaginary axis is invertible in B.

Moreover, the following result holds.

Lemma 7.14 The following two assertions are equivalent:
1. F is invertible over BY ;
2. det F(s) #0 for all s € Cy and

lim det(F(s)) # 0.
Relo)S0

A similar result as in Lemma 2.8 can be proved for Banach algebras. However,
here we present it only for R-algebras.

Lemma 7.15 Let B¢ be an R-algebra, and consider a € B¢ with ||a|| < 1. Then, a
stable if and only if (e +a)~1 is stable.

Proof: Suppose that [|a|| < 1 and a € B (stable). The fact that (e +a)~! is
stable can be proved as in Lemma 2.8.

Conversely, suppose that ||a|| < 1 and (e +a)~! is stable. Since R(Cy) is dense
in B, there is a sequence of rational functions (r,)nen C B which converges to
(e +a)~t. Using Lemma 7.3, we have that the sequence a,, := r,;! — e converges

to a, so we may assume that ||a,| < 1. It can be easily checked that
(e+an) ' =r, €BS.

We can apply Lemma 2.8 for a, (||an| < 1) to obtain a, € H. Since a, are
rational functions, it follows that a,, € B$. Using the closedness of B§ in the || - [|c,
norm, and the fact that a,, converges to a, we have that a is stable. [

For a proof of the following result, about the existence of a standard factoriza-
tion in decomposing R-algebra of continuous functions on the imaginary axis, we
refer the reader to Clancey and Gohberg [13], Theorem 3.1.

Theorem 7.16 Let B® be a decomposing R-algebra of continuous functions on the
extended imaginary azis. Then, every element Z € GB®"*™ admits a standard
factorization in B¢ relative to the imaginary axis.

We recall the notion of an equalizing vector. By Hs and Hi we denoted the
Hardy spaces (see also Chapter 2).

Definition 7.17 (equalizing vector) A wvector u is an equalizing vector of Z €
B¢ if u is a nonzero element of Hy with Zu in Hy .

The following theorem concerning the existence of a J-spectral factorization can
be proved similarly as Theorem 3.9.
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Theorem 7.18 Let B® be a decomposing R-algebra of continuous functions on the
extended imaginary axis. Then, the following three assertions are equivalent:

1. Z € GB®™™ admits a J-spectral factorization in B€ relative to the imaginary
aris;

2. The associated Toeplitz operator is boundedly invertible;

3. There are no equalizing vectors.

7.3 The Nehari problem in decomposing R-algebras

Throughout this section we assume that B¢ is a decomposing R-algebra. First we
present the reformulation of Lemma 4.1 and Lemma 4.2.

Lemma 7.19 Let Poy, Pas, Q1 and Q2 be stable (€ Bi) matriz-valued functions
of appropriate dimensions. Suppose that Poy and Qo are invertible in B¢ and that
the inequalities

| P55 Parllc,
10193 Ic,

L,

<
< 1,

are satisfied. Then the following two statements are equivalent
1. Pys and Q5 are bistable;

2. Po1Q1 + Pa2(Q)o is bistable.

Proof: The proof follows the same lines as in the proof of Lemma 2.10. We only
have to use Lemma 7.13 instead of Lemma 2.5. [ ]

Lemma 7.20 Let P € Bo(nwtn=)x(nytns) = und suppose that
PN(S)J’Ymm,nzP(S) = Jny,nz (7.3)
on the imaginary axis. Consider the equality
X Py Pris Q1
= 7.4
{Xg] [P21 PQQHQQ (7.4)

with Xo € Bo™=*"= (), € BJcr,nanz’ Qs € Bin;xnz’ Py € BJcr,anny’ Py €

BS"=*"=. Then the following two conditions are equivalent

1. X is bistable and "Xngl"CO <7,

2. Pay and Qy are bistable and ||Q1Q5 " ||c, < 1.
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Proof: The proof follows as in Lemma 4.2, and the fact that B¢ is inverse closed
(from Lemma 7.13). [ ]

The sub-optimal Nehari (extension) problem for decomposing Banach algebras
can be formulated as follows:

Definition 7.21 (Nehari problem) Let G € B¢ be a matriz-valued function G
and a o > 0, find (if it exists) a stable K such that

HG + KH(CO < o.
The following theoren is our main result of this chapter.

Theorem 7.22 Let G be a matriz-valued function G € BS*>™ and o a positive
real number. The following statements are equivalent:

1. |Hgl| < o.
2. There exists K € Bfr’kxm such that

IG + Kic, < o (7.5)

3. There exists a J-spectral factor A(s) € B&(ktm)x(ktm) fo

Wis) = [ ng(s) I?ﬂ } [ I(f —U(Q)Im } { I(f Gfis) } (7.6)

with A7 (s) € Bika
Furthermore, all solutions for the sub-optimal Nehari problem are parametrized by

K(s) = X1(s)Xa(s) ",

{ X1(s) } A [ Qs) ] (7.7)

where
Xo(s)
with Q(s) € Bi’kxm; 1Qllco < 1.

Proof: Using the previous two lemmas, the proof can be done similarly as for
Theorem 4.7. [ ]

Note that the Algorithm 3.23 for computing the J-spectral factor can be applied
in the framework of decomposing R-algebras.

Remark 7.23 In this chapter we have formulated and solved the sub-optimal Ne-
hari problem in the framework of decomposing R-algebras of continuous functions
on the compactified imaginary axis. There is a strong connection between the above
results and the abstract approach taken by Ball, Gohberg and Kaashoek in [4]. The-
orem 7.22 can be seen as a consequence of Theorem 2.3.b in [4], formulated and
solved in the context of an unital Banach algebra with an involution and a band
structure. However, the approach taken in this chapter is more transparent.



Chapter 8

Conclusions and further
research

In this chapter we summarize the contents of the thesis, and give an overview of the
most important results. Furthermore, some hints and directions for future research
are included.

The main control problems investigated in this thesis are H,, control problems.
The standard Ho, control problem (see Figure 8.1) is to find a controller K which
stabilizes a given plant G, and which makes the infinity norm of the transfer func-
tion from w to z smaller than a given positive real number. It is called standard
because it includes many H., control problems, if not all, as special cases. In

w z

Figure 8.1: The standard H., control problem.

this thesis we propose a J-spectral factorization approach to H,, control problems.
Using the mixed-sensitivity problem as an example of an H., control problem,
we illustrated how the J-spectral factorization arises naturally in H., control (see
Chapter 1).

Most of the results in this thesis are presented for the Wiener class of transfer
functions or its quotient field. The Wiener class of transfer functions, as introduced
in the second chapter, consists of functions for which the corresponding impulse
responses are the sum of an integrable function and a delta distribution. The
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transfer functions of Pritchard-Salamon systems form a particular subclass. The
Pritchard-Salamon class of abstract infinite-dimensional state-space systems allows
some unboundedness of the control and observation operators. The analytic class,
i.e., the class of exponentially stable analytic infinite-dimensional systems, has
integrable impulse responses (see Sasane [64], Theorem 3.2.3, page 75). This implies
that it is also included in the Wiener class, and so the results obtained in this thesis
also apply to the analytic class.

In Chapter 3 we found criteria for the existence of a J-spectral factorization.
For the Wiener class of matrix-valued functions, we provide necessary and sufficient
conditions for the existence of a J-spectral factorization. One of these conditions
states that the existence of a J-spectral factorization is equivalent to the invertibil-
ity of an associated Toeplitz operator. The second one states that the J-spectral
factorization exists if and only if the to-be-factorized matrix has no equalizing vec-
tors. The equivalence with the invertibility of the Toeplitz operator is known (see
M. Weiss [77]). However, the fact that the existence of a J-spectral factorization
is equivalent to the non-existence of equalizing vectors was only known for the
rational case (see Meinsma [50]).

In the last section of the third chapter, we provide an ”algorithm” for computing
the J-spectral factor. Although we call this an ”algorithm”, it is not clear how one
can actually write it into a computer program. The main difficulty appears in the
second step. There, two algebraic equations (involving projection operators) must
be solved in order to proceed with the next step.

For rational matrix-valued functions algorithms for computing the J-spectral
factor are well established and are already implemented in the Polynomial Toolbox
for MATLAB (see http://www.math.utwente.nl/ssb/ for more information). Since
the set of rational functions is a dense subset of our class of infinite-dimensional
transfer functions, the algorithm for rational transfer functions may be useful to
obtain an J-spectral factor for our class of transfer functions. However, one would
need to establish approximation results. Hence, we formulate the problem as fol-
lows: Let Z = Z™ be a matrix-valued function which admits a J-spectral factoriza-
tion. Find a sequence (Z,)nen of rational approximates of Z such that Z,, = 7,7,
and the associated sequence (V},)nen of J-spectral factors of Z,, converges "rea-
sonably well” to a J-spectral factor of Z. Further research should be done in this
direction.

In the Chapters 4-6, we reduce

e the sub-optimal Nehari problem,
e the sub-optimal Hankel norm approximation problem,
e the standard H,, sub-optimal control problem,

to J-spectral factorization problem(s). We present now these results chapter by
chapter.

In Chapter 4 we give a direct frequency-domain solution for the sub-optimal
Nehari extension problem. This is done for the Wiener class of transfer functions.
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Curtain and Green stated this result in [15], and they say that this is a special
case of the more general results of Ball and Helton [5], [6]. If one looks in the
papers [5], [6], the result stated in [15] is not an obvious corollary of the abstract
results presented by Ball and Helton. This motivated our investigation. The proofs
presented in Chapter 4 are simple, and use standard results from algebra and
operator theory. With the result presented in Chapter 4, we fill in the gap between
the abstract theory in [5], [6] and the result presented in the paper [15]. In Section
4.4 we formulate the results for Pritchard-Salamon systems, and provide a state-
space description of a J-spectral factor.

In Chapter 5, the Hankel norm approximation problem is presented. For the
Wiener class of transfer functions, we prove a stronger version of the result obtained
by Sasane in [64]. We do this by showing that some of their assumptions always
hold. Moreover, we prove that one of their sufficient conditions is also necessary for
the solvability of the Hankel norm approximation problem. In Section 5.3 we make
some comments regarding the Hankel norm approximation problem for Pritchard-
Salamon systems.

In Chapter 6 we reduce the standard H., sub-optimal control problem to two
J-spectral factorization problems. This is done for a class of systems with an
irrational transfer function. We generalize the approach taken by Meinsma, as
presented for the rational case in [49]. The proof are still not very transparent and
clear, but even for the rational case it cannot be done simpler (to our knowledges).
This is another version of the result found earlier by Curtain and Green [15].

Finally, looking at our proofs, one may see that they are mostly based on
algebraic results. This strong relation is made more clear in Chapter 7. We show
how one can formulate and solve the sub-optimal Nehari problem in decomposing
R-algebras of continuous functions on the compactified imaginary axis. There is a
strong connection between these results and the approach taken by Ball, Gohberg
and Kaashoek in [4]. We believe that it will be possible to formulate and solve the
Hankel norm approximation problem in an algebraic setting, and we recommend
it for further research.






Summary

Systems and control theory is an area of research which combines engineering
with mathematics. Using mathematical concepts, many engineering problems can
be formulated into a mathematical framework and then be solved. This thesis
deals with a number of problems arising in H., control for infinite-dimensional
systems. The approach for solving this problems is via J-spectral factorization,
using frequency-domain techniques.

The H,, control problem is, roughly speaking, to find a stabilizing controller
for a given plant that minimizes the H., norm of the closed-loop transfer function.
By considering the mixed sensitivity problem, which is a particular H,, control
problem, we illustrate how the J-spectral factorization appears in H, control.

Since the J-spectral factorization plays an important role in H., control, it is
important to know when a matrix-valued function possesses such a factorization.
For the Wiener class of infinite-dimensional systems (the class of transfer functions
for which the corresponding impulse responses are absolutely integrable), we give
necessary and sufficient conditions for the existence of a J-spectral factorization.

The so called Nehari problem was introduced for the first time by Z. Nehari in
1957, and it is naturally formulated in the frequency-domain: given a matrix-valued
function G, find the distance from G to the stable matrix-valued functions. For
the Wiener class of infinite-dimensional systems, we obtain an elementary solution
for a version of the Nehari problem, known as the sub-optimal Nehari extension
problem. The approach is via J-spectral factorization and it uses the concept of
equalizing vectors. The connection between the equalizing vectors, operator theory
and the Nehari extension problem is also explained.

Then we consider the Hankel norm approximation problem, which is a gener-
alization of the Nehari problem. This problem has been studied extensively in the
literature (see, for example, Adamjan et al. [1], Ball and Ran [7], Glover [28], Ran
[59], Glover et al. [29], Curtain and Ran [19], Sasane [64], Sasane and Curtain [65]).
We present an elementary derivation of the reduction of the sub-optimal Hankel
norm approximation problem to a J-spectral factorization problem. We do this for
the Wiener class of infinite-dimensional systems.

In Chapter 6 we consider the standard H,, sub-optimal control problem. This
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problem is called standard because many of the H., control problems can be refor-
mulated into this problem. For the Nevanlinna class of infinite-dimensional systems
(a quotient field of the bounded analytic functions in the open right half-plane),
we prove that the standard H,, sub-optimal control problem is solvable provided
that two J-spectral factorizations have a solution. For the Wiener class of infinite-
dimensional systems, we show that the sufficient conditions are also necessary.

In the last chapter of this thesis we give an algebraic formulation for the sub-
optimal Nehari extension problem. This formulation has a strong connection with
the approach taken by Ball, Gohberg and Kaashoek in [4].
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